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Abstract
We study equivariant coarse homology theories through an axiomatic framework.
To this end we introduce the category of equivariant bornological coarse spaces
and construct the universal equivariant coarse homology theory with values in the
category of equivariant coarse motivic spectra.
As examples of equivariant coarse homology theories we discuss equivariant coarse
ordinary homology and equivariant coarse algebraic K-homology.
Moreover, we discuss the cone functor, its relation with equivariant homology
theories in equivariant topology, and assembly and forget-control maps. This is a
preparation for applications in subsequent papers aiming at split-injectivity results
for the Farrell–Jones assembly map.
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1. Introduction
In this paper we study equivariant coarse homology theories. We start with the equivariant
generalization of the coarse homotopy theory developed by Bunke–Engel [BE16]. To this
end we introduce the category of equivariant bornological coarse spaces and construct the
universal equivariant coarse homology theory with values in the category of equivariant
coarse motivic spectra.
As examples of equivariant coarse homology theories we discuss equivariant ordinary coarse
homology and equivariant coarse algebraic K-homology of an additive category.
An important application of equivariant coarse homotopy theory is in the study of assembly
maps which appear in isomorphism conjectures of Farrell–Jones or Baum–Connes type.
The main tools for the transition between equivariant homology theories and equivariant
coarse homology theories are the cone functor and the process of coarsification. In this
paper we give a detailed account of the cone functor and the construction of equivariant
homology theories from equivariant coarse homology theories. Then we introduce the
coarsification functor and the forget-control map, and discuss its relation with the assembly
maps.
The third part of the present paper provides the technical background for subsequent
papers:
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1. In [BEKW17] we show that a certain large scale geometric condition called finite
decomposition complexity implies that a motivic version of the forget-control map is
an equivalence.
2. In [BEKW] we study the descent principle. It states that under certain conditions
the fact that the forget-control map becomes an equivalence after restriction of the
action to all finite subgroups implies that it is split injective for the original (in
general infinite) group.
We combine this with the results of [BEKW17] and the technical results of the present
paper to deduce split injectivity results for the original Farrell–Jones assembly map.
3. In [BE17] we study more formal aspects of the process of coarsification of homology
theories and provide a general account for coarse assembly maps.
A bornological coarse space is a set equipped with a coarse and a bornological structure
such that these structures are compatible with each other. The category of bornological
coarse spaces BornCoarse was introduced in [BE16] as a general framework for coarse
geometry and coarse topology. Interesting invariants of bornological coarse spaces up to
coarse equivalence are coarse homology theories. In [BE16] the examples of coarse ordinary
homology and various coarse versions of topological K-homology were discussed. In order
to study general properties of coarse homology theories the category of motivic coarse
spectra SpX was constructed as the target of the universal coarse homology theory
Yos : BornCoarse→ SpX .
One of the motivations to consider equivariant coarse algebraic topology is that it appears
as a building block of proofs that certain assembly maps are equivalences (Farrell–Jones
conjecture [BL11], [BFJR04] and Baum–Connes conjecture [Yu95]).
In Section 2.1 we define for every group Γ the category ΓBornCoarse of Γ-bornological
coarse spaces. We provide various constructions of Γ-bornological coarse spaces from
Γ-sets, metric spaces with isometric Γ-action, or Γ-simplicial complexes. We further show
that the category of Γ-bornological coarse spaces admits coproducts and fiber products. It
also has an interesting symmetric monoidal structure ⊗.
In Section 3 we introduce the notion of an equivariant coarse homology theory, and the
terminology necessary to state its defining properties:
1. coarse invariance,
2. coarse excision,
3. vanishing on flasques, and
4. u-continuity.
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Strongness (introduced in Section 4.4) is an additional property which an equivariant
coarse homology might have. It is important in order to interpret the forget-control map
as a transformation between equivariant coarse homology theories.
In the present paper the most important additional property is continuity. We introduce
this notion in Section 5. Continuity is crucial if one wants to relate the forget-control map
with the assembly map for the family of finite subgroups.
Following the line of thought of [BE16], in Section 4 we construct the universal equivariant
coarse homology theory
Yos : ΓBornCoarse→ ΓSpX
with values in the category of equivariant coarse motivic spectra. Similarly, in Section 5
we construct a universal continuous equivariant coarse homology theory
Yosc : ΓBornCoarse→ ΓSpXc .
As examples of equivariant coarse homology theories, in Part II we introduce equivariant
coarse ordinary homology HX Γ and equivariant coarse algebraic K-homology KAX Γ of
an additive category A. Our main results are the verification that the definitions indeed
satisfy the four defining properties of an equivariant coarse homology theory. We also show
that these examples have the additional properties of being strong, strongly additive and
continuous. We calculate the evaluations of these equivariant homology theories on simple
Γ-bornological coarse spaces. These calculations are important if one wants to understand
which equivariant homology theories they induce after pull-back with the cone functor.
In most of the present paper we consider the theory for a fixed group Γ. But in Section 6
we consider a homomorphism of groups H → Γ and provide various transitions from H-
bornological coarse spaces to Γ-bornological coarse spaces and back. The most important
examples are restriction and induction. Our examples of equivariant coarse homology
theories are defined for all groups, so in particular for H and Γ. The group-change
construction on the level of bornological coarse spaces are accomplished by natural
transformations relating the evaluations of the H- and Γ-equivariant versions of the
equivariant homology theories.
In Section 9 we introduce the category of Γ-uniform bornological coarse spaces ΓUBC
and the cone functor
O : ΓUBC→ ΓBornCoarse .
The construction of the cone is motivated by Bartels–Farrell–Jones–Reich [BFJR04] and
Mitchener [Mit01, Mit10], and its main ingredient in the construction is the hybrid coarse
structure first introduced by Wright [Wri02] and studied in detail in [BE16]. Our main
technical results are homotopy invariance and excisiveness of the cone. While the cone
O(X) depends on the coarse structure on X, its germ at ∞, denoted by O∞(X), is
essentially independent of the coarse structure. So O∞ is very close to an equivariant
homology theory. But it is still defined on ΓUBC and does not satisfy a wedge axiom.
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In Section 10 we first review some general features of equivariant homotopy theory and
then derive an equivariant homology theory
O∞hlg : ΓTop→ ΓSpX
from the functor O∞. We then introduce the classifying space EFΓ for a family F of
subgroups of Γ and define the motivic assembly map as the map
αEFΓ : O∞hlg(EFΓ)→ O∞hlg(∗)
induced by the morphism EFΓ → ∗. We discuss some conditions on a Γ-bornological
coarse space Q implying that the twisted version αEF ⊗ Yos(Q) of the assembly map
becomes an equivalence.
In Section 11 we introduce the universal coarsification functor
F∞ : ΓBornCoarse→ ΓSpX
and the forget-control map
β : F∞ → ΣF 0 ,
a natural transformation of functors from ΓBornCoarse to ΓSpX . The coarse geometry
approach to the isomorphism conjectures provides conditions on a Γ-bornological coarse
space X implying that the forget-control map βX : F
∞(X)→ ΣF 0(X) is an equivalence, or
becomes an equivalence after application of a suitable equivariant coarse homology theory.
Since one is also interested in the assembly maps of equivariant homotopy theory like αEFΓ
we provide a comparison between this assembly map and the forget-control map.
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Part I.
General constructions
2. Equivariant bornological coarse spaces
2.1. Basic notions
In this section we introduce the equivariant version of the category of bornological coarse
spaces introduced in [BE16]. We assume familiarity with [BE16, Section 2].
Let Γ be a group. If Γ acts on a bornological coarse space X by automorphisms, then it
acts on the set of coarse entourages C of X. We let CΓ denote the partially ordered subset
of C of entourages of X which are fixed set-wise.
Definition 2.1. A Γ-bornological coarse space is a bornological coarse space X together
with an action of Γ by automorphisms such that CΓ is cofinal in C.
A morphism between Γ-bornological coarse spaces is a morphism of bornological coarse
spaces which is in addition Γ-equivariant. 
We let ΓBornCoarse denote the category of Γ-bornological coarse spaces and morphisms.
By considering a bornological coarse space as a Γ-bornological coarse space with the trivial
action we get a fully faithful functor
C : BornCoarse→ ΓBornCoarse . (2.1)
Example 2.2. Let X be a set with an action of Γ and A ⊆ P(X ×X)Γ be a family of
Γ-invariant subsets. Then we can form the coarse structure C := C〈A〉 generated by A. In
this case CΓ is cofinal in C. Hence a Γ-coarse structure can be generated by a family of
Γ-invariant entourages. 
Remark 2.3. Let Coarse denote the category of coarse spaces (i.e., sets with coarse
structures) and controlled morphisms. We can consider Γ equipped with the minimal
coarse structure C〈diagΓ〉 as a group object in Coarse.
Let X be a set with an action of a group Γ and C be a coarse structure on X. The
following conditions are equivalent:
1. CΓ is cofinal in C.
2. For every entourage U in C the set ⋃γ∈Γ(γ × γ)(U) also belongs to C.
3. The action is a morphism Γ×X → X in Coarse.
The proof is straightforward.
We denote the category of Γ-coarse spaces consisting of coarse spaces with a Γ-action
satisfying the above conditions and equivariant and controlled maps by ΓCoarse. 
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Example 2.4. We consider Γ as a Γ-set with the left action. We furthermore let Bmin
be the minimal bornology on Γ consisting of the finite subsets. Finally, we let the coarse
structure Ccan on Γ be generated by the Γ-invariant sets Γ(B ×B) for all B in Bmin.
Then (Γ, Ccan,Bmin) is a Γ-bornological coarse space called the canonical Γ-bornological
coarse space associated to Γ. We will denote it by Γcan,min. 
Example 2.5. Let X be a set with an action of Γ. It gives rise to the Γ-bornological
coarse space Xmin,min with the minimal structures Bmin consisting of the finite subsets of
X and Cmin := C〈diagX〉. We will use the notation Xmin,min for this Γ-bornological coarse
space.
For example, the identity of the underlying set of Γ is a morphism Γmin,min → Γcan,min of
Γ-bornological coarse spaces. 
Example 2.6. Let X again be a set with an action of Γ. Then we can equip X with the
maximal bornological and coarse structures. In this way we get a Γ-bornological coarse
space Xmax,max.
Our notation convention is such that the first subcript indicates the coarse structure, while
the second subscript reflects the bornological structure.
For example, we also have a Γ-bornological coarse space Xmin,max and morphisms of
Γ-bornological coarse spaces Xmin,max → Xmax,max and Xmin,max → Xmin,min given by the
identity of the underlying set of X.
Note that in general Xmax,min does not make sense since the minimal bornology is not
compatible with the maximal coarse structure. 
Example 2.7. Let (X, d) be a metric space with an isometric Γ-action. For r in (0,∞)
we consider the invariant entourages
Ur := {(x, y) ∈ X ×X | d(x, y) ≤ r} .
The coarse structure associated to the metric is defined by these entourages, i.e., given by
Cd := C〈{Ur | r ∈ (0,∞)}〉 .
Furthermore, the bornology associated to the metric is generated by the metrically bounded
subsets, i.e., given by
Bd := B〈{B(x, r) | x ∈ X , r ∈ (0,∞)}〉 ,
where B(x, r) denotes the metric ball of radius r centered at x.
The associated bornological coarse space Xd := (X, Cd,Bd) is a Γ-bornological coarse space.
The identity of the underlying set of X is a morphism Xmin,max → Xd of Γ-bornological
coarse spaces. 
Remark 2.8. Let Γ be a countable group equipped with a proper left invariant metric d.
Then the Γ-bornological coarse spaces Γd and Γcan,min are equal. 
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Example 2.9. Let X be a Γ-bornological coarse space with the coarse structure C and
the bornology B. For every invariant entourage U in C we consider the coarse structure
CU := C〈{U}〉. The coarse structure CU is compatible with B. We let
XU := (X, CU ,B)
denote the resulting Γ-bornological coarse space. The identity of the underlying set is a
morphism of Γ-bornological coarse spaces XU → X. If U ′ is a second invariant entourage
such that U ⊆ U ′, then we also have a morphism XU → XU ′ . This construction is
important for the formulation of the u-continuity condition in Definition 3.10. 
Example 2.10. Let X be a Γ-bornological coarse space with coarse structure C and
bornology B, and let Z be a Γ-invariant subset of X. Then we define the induced coarse
structure and bornology on Z as follows:
1. CZ := {(Z × Z) ∩ U | U ∈ C}
2. BZ := {Z ∩B |B ∈ B}.
Then ZX := (Z, CZ ,BZ) is a Γ-bornological coarse space. The inclusion ZX → X is a
morphism of Γ-bornological coarse spaces. 
Example 2.11. If Γ acts on the underlying set of a bornological coarse space (X, C,B),
then we can define a Γ-bornological coarse space ΓX := (X,ΓC,ΓB), where
ΓC := C
〈{⋃
γ∈Γ
(γ × γ)(U) | U ∈ C
}〉
and
ΓB := B〈{U [γB] | U ∈ ΓC, γ ∈ Γ and B ∈ B}〉 . (2.2)
In general we must enlarge the bornology B to ΓB as described above in order to keep it
compatible with the new coarse structure.
If X was a Γ-bornological coarse spaces, then ΓX = X. 
Definition 2.12. Let Γ denote a group and let X be a set with an action of Γ. If B is a
bornology on X, then we let BΓ denote the bornology on X which is generated by the sets
ΓB for all B in B.
Let (X, C,B) be a Γ-bornological coarse space. Then the new bornology BΓ is compatible
with the original coarse structure. The Γ-completion of (X, C,B) is defined to be the
Γ-bornological coarse space (X, C,BΓ).
Let (X, C,B) be a Γ-bornological coarse space and Y be a subset of X. The subset Y is
called Γ-bounded if it belongs to BΓ. 
Example 2.13. Let (X,B) be a bornological space with an action of Γ by proper maps.
We say that Γ acts properly if for every B in B the set {γ ∈ Γ | γB ∩B 6= ∅} is finite.
We define the coarse structure CB on X to be generated by the Γ-invariant entourages UB :=
Γ(B ×B) for all B in B. If Γ acts properly, then the bornological structure is compatible
with this coarse structure and we get a Γ-bornological coarse space (X, CB,B). 
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Example 2.14. Let X be a Γ-complete Γ-bornological coarse space with coarse structure
C and bornology B. We equip the quotient set X¯ := Γ\X with the maximal bornology B¯
such that the projection q : X → X¯ is proper, i.e.,
B¯ = B〈{B¯ ⊆ X¯ | q−1(B¯) ∈ B}〉 .
We furthermore equip X¯ with the minimal coarse structure C¯ such that q is controlled, i.e.,
C¯ := C〈{(q × q)(U) | U ∈ C}〉 .
Then C¯ and B¯ are compatible and we obtain a bornological coarse space (X¯, C¯, B¯).
This construction produces a functor
Q : ΓBornCoarse→ BornCoarse , Q(X, C,B) := (X¯, C¯, B¯) .
It is easy to check that the morphism of bornological coarse spaces q : (X, C,B)→ (X¯, C¯, B¯)
can be interpreted as the unit of an adjunction
Q : ΓBornCoarse BornCoarse : C ,
where C is the inclusion (2.1). 
Lemma 2.15. The category ΓBornCoarse admits arbitrary coproducts and cartesian
products.
Proof. The coproduct of a family of Γ-bornological coarse spaces is represented by the
coproduct of the underlying bornological coarse spaces with the induced Γ-action.
Similarly, the cartesian product of a family of Γ-bornological coarse spaces is represented
by the cartesian product of the family of the underlying bornological coarse spaces with
the induced Γ-action.
For more information about limits and colimits in ΓBornCoarse we refer to Section 2.2.
Example 2.16. We consider a family (Xi)i∈I of Γ-bornological coarse spaces. We define
the free union
⊔free
i∈I Xi as follows:
1. The underlying Γ-set of the free union is the disjoint union of Γ-sets
⊔
i∈I Xi.
2. The coarse structure of the free union is generated by entourages
⊔
i∈I Ui for all
families (Ui)i∈I , where Ui is an entourage of Xi for every i in I.
3. The bornology is generated by the set {B | B ∈ B(Xi), i ∈ I} of subsets of
⊔
i∈I Xi.
If I is finite, then the free union is the coproduct of the family. In general, we have a
morphism of Γ-bornological coarse spaces
∐
i∈I
Xi →
free⊔
i∈I
Xi
induced by the identity of the underlying sets. 
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Example 2.17. Let X and X ′ be two Γ-bornological coarse spaces. Then we can form
the Γ-bornological coarse space X ′ ⊗X whose coarse structure is the one of the cartesian
product and the bornology is generated by the products B′ ×B for bounded subsets B′ of
X ′ and B of X. This construction defines a symmetric monoidal structure
−⊗− : ΓBornCoarse× ΓBornCoarse→ ΓBornCoarse
with tensor unit given by the one-point space.
Let Y be a Γ-set. We can form the space Ymin,min ⊗X. For a second Γ-set Y ′ we have a
canonical isomorphism
(Y ′ × Y )min,min ⊗X ∼= Y ′min,min ⊗ (Ymin,min ⊗X) . 
2.2. Limits and colimits in ΓBornCoarse
In this section we show that the category ΓBornCoarse admits all limits of non-empty
diagrams and various colimits. We furthermore discuss some special cases.
Let Γ be a group. In the following arguments we let
ι : ΓBornCoarse→ ΓSet (2.3)
be the forgetful functor. For a Γ-bornological coarse space X we let BX and CX denote its
bornology and coarse structure.
Proposition 2.18.
1. The category ΓCoarse admits all small limits.
2. The category ΓBornCoarse admits all limits of diagrams indexed by non-empty
small categories.
Proof. We give the proof for ΓBornCoarse. The statement for ΓCoarse can be obtained
by ignoring all comments pertaining to bornologies and allowing in addition the index set
I below to be empty.
Note that the non-emptiness assumption on I only enters into the part of the proof
concerning bornologies. See also Remark 2.19.
Let I be a non-empty small category and
X : I → ΓBornCoarse
be a functor. We will show that limI X exists.
The category ΓSet is complete. In a first step we form the Γ-set
Y˜ := lim
I
ιX .
11
For every i in I we have a map of Γ-sets ei : Y˜ → ιX(i).
On Y˜ we define the bornology
BY := B〈{e−1i (B) | i ∈ I andB ∈ BX(i)}〉 .
Since BX(i) is Γ-invariant for every i in I, we see that BY is Γ-invariant.
We can view Y˜ as a subset of
∏
i∈I ιX(i). On Y˜ we define the coarse structure
CY := C
〈{(∏
i∈I
Ui
) ∩ (Y˜ × Y˜ ) | (Ui)i∈I ∈∏
i∈I
CX(i)
}〉
.
Using that CX(i) has a cofinal subset of invariant entourages for every i in I, we see that the
coarse structure CY is generated by invariant entourages and is hence a Γ-coarse structure.
Finally, the relation (∏
i∈I
Ui
)
[e−1j (B)] = e
−1
j (Uj[B])
for j in I and B a subset of Xj shows that the compatibility of BX(j) with CX(j) for all j
in I implies that BY and CY are compatible.
We therefore have defined an object Y := (Y˜ , CY ,BY ) in ΓBornCoarse. We now show
that ej : Y → X(j) is a morphism of Γ-bornological coarse spaces for all j in I. For every
family (Ui)i∈I we have ej((
∏
i∈I Ui) ∩ (Y˜ × Y˜ )) ⊆ Uj. This implies that ej is controlled.
Furthermore, BY is defined such that ej is proper for every j in I.
The morphisms ei : Y → X(i) give a transformation e : Y → X in Fun(I,ΓBornCoarse),
where Y is the constant functor with value Y . We now show that (Y, e) has the universal
property of the limit .
We consider a pair (Z, f) with Z in ΓBornCoarse and with f : Z → X a morphism in
Fun(I,ΓBornCoarse). Because the underlying Γ-set of Y is the limit of the diagram ιX
there is a unique map h : ιZ → ιY of Γ-sets such that ιf = ιe ◦ h.
It suffices to show that h is a morphism in ΓBornCoarse. Let U be an entourage of Z.
Then fi(U) is an entourage of X(i) for every i in I. We have
h(U) ⊆ (∏
i∈I
(fi × fi)(U)
) ∩ (Y˜ × Y˜ ) ,
i.e., h(U) is contained in one of the generating entourages of CY . Hence h is a controlled
map.
In order to show that h is proper, we consider a generating bounded subset e−1i (B) for i
in I and B in BX(i). Then h−1(e−1i (B)) = f−1i (B) is bounded in Z. Since I is non-empty,
the set of subsets e−1i (B) for all i in I and B in BX(i) cover Y . Therefore, every element
of BY is contained in a finite union of such subsets. We conclude that h is proper.
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Remark 2.19. Note that the last piece of the argument goes wrong if the index category
of the diagram is empty. Then Y = ∗, and we need the subset {∗} (which is not of the
form e−1i (B)) to generate the bornology. The empty limit does not exist since the category
ΓBornCoarse does not have a final object. 
We now turn to colimits. Let I be a small category and
X : I → ΓBornCoarse
be a functor. The category ΓSet is cocomplete. We form the Γ-set
Y˜ := colim
I
ιX ,
where ι is the forgetful functor from (2.3). For every i in I we have a map e(i) : ιX(i)→ Y˜
of Γ-sets.
Definition 2.20. We say that the diagram X is colim-admissible if we have
e−1i ((ej1(U1) ◦ · · · ◦ ejk(Uk))[{y}]) ∈ BX(i)
for every y in Y˜ , every i in I, every r in N, every family (j1, . . . , jr) of objects of I, and
every family of entourages Uk in CX(jk) for k in {1, . . . , r}. 
Proposition 2.21.
1. The category ΓCoarse admits all small colimits.
2. The category ΓBornCoarse admits colimits for all colim-admissible diagrams.
Proof. We give the proof for ΓBornCoarse. The statement for ΓCoarse can be obtained
by ignoring all comments pertaining to bornologies. Note that the assumption of colim-
admissibility only enters to see that the bornology and the coarse structure on the colimit
are compatible.
Assume that
X : I → ΓBornCoarse
is a colim-admissible diagram. We show that colimI X exists.
In a first step we form the Γ-set
Y˜ := colim
I
ιX .
On Y˜ we define the coarse structure
CY := C〈{(ei × ei)(U) | i ∈ I and U ∈ CX(i)}〉 .
Using the fact that CX(i) has a cofinal subset of invariant entourages we see that the coarse
structure CY is generated by invariant entourages and is hence a Γ-coarse structure.
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We define the bornology BY to be the subset of P(Y˜ ) consisting of the sets B satisfying
e−1i ((ej1(U1) ◦ · · · ◦ ejk(Uk))[B]) ∈ BX(i)
for every i in I, every r in N, every family (j1, . . . , jr) of objects of I, and every family
of entourages Uk in CX(jk) for k in {1, . . . , r}. Since the diagram is colim-admissible, all
one-point sets belong to BY . Furthermore BY is obviously closed under forming finite
unions and subsets. Consequently, BY is a bornology on Y . Since BX(i) and CX(i) are
Γ-invariant for every i in I we see that BY is Γ-invariant. We finally observe that CY and
BY are compatible by construction.
We define now the object Y := (Y˜ , CY ,BY ) of ΓBornCoarse. By construction the maps
ei : X(i) → Y are morphisms in ΓBornCoarse for all i in I. The family of morphisms
(ei)i∈I provides a morphism e : X → Y in Fun(I,ΓBornCoarse), where Y is the constant
functor with value Y .
We now show that (Y, e) has the universal property of a colimit.
Consider a pair (Z, f) with Z in ΓBornCoarse and f : X → Z. Since the underlying
Γ-set of Y is the colimit of the diagram ιX there is a unique map h : ιY → ιZ of Γ-sets
such that ιf = h ◦ ιe.
It suffices to show that h is a morphism.
Let i in be I and U be in CX(i). Then h(ei(U)) = fi(Ui) is an entourage of Z. This implies
that h is controlled.
Let now B be a bounded subset of Z. Since CZ and BZ are compatible and fj is controlled,
fj(U)[B] is bounded for every j in I and U in CXj . We now have1
e−1i (ej(U)[h
−1(B)]) ⊆ e−1i (h−1(h(ej(U))[B])) = f−1i (fj(U)[B]) .
Since fi is proper, we conclude that e
−1
i (ej(U)[h
−1(B)]) is bounded. Since i, j in I and U
in CX(j) were arbitrary this shows that h−1(B) is bounded in Y . We conclude that h is a
proper map.
Example 2.22. If (Y , Z) is an equivariant complementary pair (see Definition 3.7) on X,
then we have a push-out
colimY ∩ Z //

Z

colimY // X
We first note that colimY is admissible since it is a filtered colimit of inclusions. It is
straightforward to check that the diagram is colim-admissible and that the bornology on
the space X is the one of the colimit. The only non-trivial fact to check is that the coarse
structure on X given by the colimit is not too small. Let U be an entourage of X. Assume
1Here we use the general relation U [f−1(B)] ⊆ f−1(f(U)[B]) for a map f : X → Y , entourage U of X
and subset B of Y .
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that i is in I such that Yi ∪ Z = X. Since the family is big, there exists j in I such that
U [Yi] ⊆ Yj. Let e : Yj → X and f : Z → X be the inclusions. Then
U ⊆ e(U ∩ (Yj × Yj)) ∪ f(U ∩ (Z × Z)) . 
Example 2.23. By Proposition 2.18 the category ΓBornCoarse admits fiber products.
Here we give an explicit description. We consider a diagram
X
a

Y
b // Z
of Γ-bornological coarse spaces. We then form the cartesian product X×Y in the category
ΓBornCoarse. We define the Γ-bornological coarse space X ×Z Y to be the subset of
X × Y of pairs (x, y) with a(x) = b(y) with the induced bornological and coarse structure.
It is straightforward to check that the square
X ×Z Y

// X
a

Y
b // Z
is cartesian in ΓBornCoarse. 
Example 2.24. Assume that (Y, Z) is a coarsely excisive pair (see Definition 4.13) on X.
Then we have a push-out
Y ∩ Z //

Z

Y // X
It is straightforward to check that the diagram is colim-admissible and that the bornology
on the space X is the one of the colimit. The only non-trivial fact to check is that the
coarse structure on X given by the colimit is not too small. Let U be an entourage of X.
Then there is an entourage W of X such that U ⊆ W and U [Z] ∩ U [Y ] ⊆ W [Z ∩ Y ]. Let
e : Y → X and f : Z → X be the inclusions. Then
U ⊆ e(W 2 ∩ (Y × Y )) ∪ f(W 2 ∩ (Z × Z)) . 
Example 2.25. Let H be a group acting on a Γ-bornological coarse space X such that
the set of H-invariant entourages of X is cofinal in all entourages.
We let BH(X) denote H-completion of X obtained from X by replacing the bornology
B of X by the bornology BH(B) generated by the subsets HB for all B in B. Then the
coequalizer
(Hmin,min ⊗X)max−B ⇒ BH(X) pi→ X/H
for the H-action exists. Here the index −max−B indicates that we replaced the bornology
by the maximal bornology. The two arrows are given by (h, x) 7→ x and (h, x) 7→ hx. One
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checks easily that they are both morphisms of Γ-bornological coarse spaces: they are both
proper since their domain has the maximal bornology, and if U is a H-invariant entourage
of X then both maps send diag(H)× U to U and hence the maps are controlled in view
of our assumption on the coarse structure of X.
Finally, we check that the coequalizer diagram is colim-admissible. It suffices to check
that for every H-invariant entourage U of X and point Hx in X/H the set U [pi−1(Hx)] is
bounded in BH(X). This is the case since U [x] belongs to B and so U [pi−1(Hx)] = HU [x]
belongs to BH(B). 
Example 2.26. Let
M : ΓBornCoarse→ ΓSet
be the functor which sends a Γ-bornological coarse space to its underlying Γ-set. In view
of Proposition 2.18, it preserves all limits over non-empty small index categories. It is in
fact the right-adjoint of an adjunction
(−)min,max : ΓSet ΓBornCoarse : M ,
where (−)min,max sends a Γ-set S to the Γ-bornological coarse space obtained by equipping
S with the minimal coarse structure and maximal bornology. Indeed, for a Γ-bornological
coarse space X we have a natural identification
HomΓBornCoarse(Smin,max, X) ∼= HomΓSet(S,M(X)) . 
3. Equivariant coarse homology theories
The following notions are the obvious generalizations from the non-equivariant situation
considered in [BE16].
Two morphisms f, f ′ : X → X ′ between Γ-bornological coarse spaces are close to each
other if the subset {(f(x), f ′(x)) | x ∈ X} of X ′×X ′ is an entourage, i.e. if they are close
as morphisms between the underlying bornological coarse spaces.
Definition 3.1. A morphism between Γ-bornological coarse spaces is an equivalence if it
admits an inverse morphism up to closeness. 
Example 3.2. We consider a Γ-bornological coarse space X, a Γ-invariant subset A of X,
and a Γ-invariant entourage U of X. Then we can form the U -thickening U [A] which is
again Γ-invariant. We now assume that U contains the diagonal. Then we have a natural
inclusion i : A→ U [A]. This inclusion is in general not an equivalence of Γ-bornological
coarse spaces.
For example, let the group Z act on C by (n, z) 7→ e2piiθnz, where θ is an irrational real
number. Then the subset C \ {0} of C is Z-invariant. Every non-trivial thickening of
this subset contains the point 0. This point is fixed by the action, but C \ {0} does not
contain any fixed point which could serve as the image of 0 under a potential inverse of
the inclusion C \ {0} → C. 
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Let X be a Γ-bornological coarse space and A be a Γ-invariant subset of X.
Definition 3.3. The subset A is called nice if for every invariant entourage U of X
containing the diagonal the inclusion A→ U [A] is an equivalence. 
Example 3.4. Let X be a Γ-bornological coarse space and let Y be a bornological coarse
space considered as a Γ-bornological coarse space with the trivial Γ-action.
For every subset A of Y the subset A×X of the Γ-bornological coarse space Y ×X (or of
Y ⊗X) is nice. 
A filtered family of subsets of a set X is a family (Yi)i∈I of subsets indexed by a filtered
partially ordered set I such that the map I → P(X) given by i 7→ Yi is order-preserving.
Let X be a Γ-bornological coarse space. Recall from [BE16] that a big family on X is a
filtered family of subsets (Yi)i∈I of X such that for every entourage U of X and i in I
there exists j in I such that U [Yi] ⊆ Yj.
Definition 3.5. An equivariant big family on X is a big family consisting of Γ-invariant
subsets. 
Example 3.6. Let X be a Γ-bornological coarse space and A be a Γ-invariant subset
of X. Then the family
{A} := (U [A])U∈CΓ
is an equivariant big family. 
Let X be a Γ-bornological coarse space. Recall from [BE16] that a complementary pair
(Z,Y) on X is a pair of a subset Z of X and a big family Y = (Yi)i∈I on X such that
there exists i in I with Z ∪ Yi = X.
Definition 3.7. An equivariant complementary pair on X is a complementary pair (Z,Y)
such that Z is a Γ-invariant subset and Y is an equivariant big family. 
Definition 3.8. A Γ-bornological coarse space X is flasque if it admits a morphism
f : X → X such that
1. f is close to idX .
2. For every entourage U of X the subset
⋃
n∈N(f
n × fn)(U) is an entourage of X.
3. For every bounded subset B of X there exists an integer n such that ΓB∩fn(X) = ∅.
We say that flasqueness of X is implemented by f . 
Remark 3.9. In Condition 3 above one could require the weaker condition B∩fn(X) = ∅
instead of ΓB ∩ fn(X) = ∅. Then much of the theory would go through, but we lose
the possibility of descending the group change functors “H-completion”, “quotient” and
“induction” to the motivic level. 
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Let C be a cocomplete stable ∞-category. We consider a functor
E : ΓBornCoarse→ C .
If Y = (Yi)i∈I is a filtered family of Γ-invariant subsets of X, then we set
E(Y) := colim
i∈I
E(Yi) . (3.1)
In this formula we consider the subsets Yi as Γ-bornological coarse spaces with the
structures induced from X.
The set {0, 1}max,max is a Γ-bornological coarse space with the trivial Γ-action.
Definition 3.10. A Γ-equivariant C-valued coarse homology theory is a functor
E : ΓBornCoarse→ C
with the following properties:
1. (Coarse invariance) For all X ∈ ΓBornCoarse the projection {0, 1}max,max⊗X → X
is sent by E to an equivalence.
2. (Excision) E(∅) ' 0 and for every equivariant complementary pair (Z,Y) on a
Γ-bornological coarse space X the square
E(Z ∩ Y) //

E(Z)

E(Y) // E(X)
is a push-out.
3. (Flasqueness) If a Γ-bornological coarse space X is flasque, then E(X) ' 0.
4. (u-Continuity) For every Γ-bornological coarse space X the natural map
colim
U∈CΓ
E(XU)
'−→ E(X)
is an equivalence (see Example 2.9 for notation).
If the group Γ is clear from the context, then we will often just speak of an equivariant
coarse homology theory. 
Remark 3.11. Condition 1 in the above definition is equivalent to the condition that E
sends equivalences (Definition 3.1) of Γ-bornological coarse spaces to equivalences in C:
The projection {0, 1}max,max ⊗X → X is an equivalence of Γ-bornological coarse spaces.
If E preserves equivalences, then it sends this morphism to an equivalence.
Vice versa, if E satisfies Condition 1, then it sends pairs of close maps to equivalent maps.
If f is an equivalence with inverse g up to closeness, then E(f ◦ g) and E(g ◦ f) are
equivalent to E(id) and therefore themselves equivalences. This implies by functoriality
that E(f) is an equivalence. 
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Let the cocomplete stable ∞-category C have all small products. Let (Xi)i∈I be a family
of Γ-bornological coarse spaces. If E is a C-valued equivariant coarse homology theory,
then by excision for every index i in I we have a projection E(
⊔free
i∈I Xi) → E(Xi). The
collection of these projections induces a morphism
E
( free⊔
i∈I
Xi
)→∏
i∈I
E(Xi) (3.2)
Definition 3.12. E is called strongly additive if (3.2) is an equivalence for every family
(Xi)i∈I of Γ-bornological coarse spaces. 
Let E be an equivariant coarse homology theory and let S be a Γ-set.
Lemma 3.13. If E is strongly additive, then the twist E(−⊗Smax,max) is strongly additive.
Proof. This follows from the fact that for every family (Xi)i∈I of Γ-bornological coarse
spaces we have an isomorphism
( free∐
i∈I
Xi
)⊗ Smax,max ∼= free∐
i∈I
(Xi ⊗ Smax,max)
of Γ-bornological coarse spaces.
4. Equivariant coarse motivic spectra
4.1. Construction
In this section we define the stable∞-category of coarse motives ΓSpX . This is completely
analogous to [BE16, Sec. 3 & 4]. The category ΓSpX is designed such that equivariant
C-valued coarse homology theories (Definition 3.10) are the same as colimit-preserving
functors ΓSpX → C. The precise formulation is Corollary 4.10.
Let Spc be the ∞-category of spaces, i.e., the universal presentable ∞-category generated
by ∗. We start with the category
PSh(ΓBornCoarse) := Fun(ΓBornCoarseop,Spc)
of Spc-valued presheaves on ΓBornCoarse. Let
yo: ΓBornCoarse→ PSh(ΓBornCoarse) (4.1)
be the Yoneda embedding. Precomposition with it induces an equivalence
Funlim(PSh(ΓBornCoarse)op,Spc) ' PSh(ΓBornCoarse) ,
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where Funlim denotes limit-preserving functors [Lur09, Thm. 5.1.5.6] (see also [BE16,
Rem. 3.9]). We use this equivalence in order to evaluate presheaves on other presheaves.
For a filtered family Y = (Yi)i∈I of invariant subsets on some Γ-bornological coarse space X
we write
yo(Y) := colim
i∈I
yo(Yi) ∈ PSh(ΓBornCoarse) . (4.2)
For E in PSh(ΓBornCoarse) we set
E(Y) := E(yo(Y)) .
Remark 4.1. For a Γ-bornological coarse space X we have the equivalence
E(X) ' E(yo(X)) .
Furthermore we have
E(Y) ' lim
i∈I
E(Yi) (4.3)
for a filtered family Y = (Yi)i∈I of invariant subsets on X. 
Let E be an object of PSh(ΓBornCoarse).
Definition 4.2. We say that E satisfies descent if
1. E(∅) ' ∗, and
2. for every equivariant complementary pair (Z,Y) on a Γ-bornological coarse space X
the square
E(X) //

E(Z)

E(Y) // E(Z ∩ Y)
(4.4)
is cartesian.
Presheaves which satisfy descent are called sheaves. 
Remark 4.3. One can show that there is a subcanonical Grothendieck topology τχ on
ΓBornCoarse such that the τχ-sheaves are exactly the presheaves which satisfy descent
for equivariant complementary pairs. Since we will not be using this fact in this paper we
will omit the arguments. 
We let Sh(ΓBornCoarse) denote the full subcategory of PSh(ΓBornCoarse) of sheaves.
We can characterize sheaves as presheaves which are local with respect to the morphisms
yo(Y) unionsqyo(Z∩Y) yo(Z) → yo(X) (4.5)
yo(∅) → ∗ .
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Remark 4.4. In order to fix set-theoretic issues we assume that all Γ-bornological coarse
spaces and the index sets I for the big families belong to some Grothendieck universe of
small sets. The class of local objects is then generated by a small set of morphisms. The
category Sh(ΓBornCoarse) then belongs to a bigger universe. 
We have a sheafification adjunction
PSh(ΓBornCoarse)  Sh(ΓBornCoarse) : inclusion .
Remark 4.5. For a Γ-bornological coarse space X the presheaf yo(X) is a compact object
of PSh(ΓBornCoarse). If Y is a big family, then yo(Y) is an in general infinite colimit of
compact objects and hence not compact anymore. Consequently, the morphisms (4.5) are
not morphisms between compact objects. The localization Sh(ΓBornCoarse) is therefore
a presentable ∞-category, but it is not compactly generated. 
Let E be an object of Sh(ΓBornCoarse).
Definition 4.6.
1. E is coarsely invariant if it is local with respect to the morphisms
yo({0, 1}max,max ⊗X)→ yo(X)
induced by the projection for every Γ-bornological coarse space X.
2. E vanishes on flasques if it is local with respect to the morphisms
yo(∅)→ yo(X)
for every flasque Γ-bornological coarse space X.
3. E is u-continuous if it is local for the morphism
colim
U∈CΓ
yo(XU)→ yo(X)
for every Γ-bornological coarse space X (where CΓ denotes the invariant entourages
of the space X).
The above notions are just the equivariant analogues of the corresponding notions from
[BE16, Sec. 3]. 
Definition 4.7. We define the∞-category of Γ-equivariant motivic coarse spaces ΓSpcX
as the full localizing subcategory of Sh(ΓBornCoarse) of coarsely invariant, u-continuous
sheaves which vanish on flasques. 
The locality condition is generated by a small set of morphisms. Therefore we have a
localization adjunction
L : PSh(ΓBornCoarse)  ΓSpcX : inclusion . (4.6)
We define
Yo := L ◦ yo: ΓBornCoarse→ ΓSpcX .
The ∞-category ΓSpcX is a presentable ∞-category.
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Definition 4.8. We define the category of equivariant motivic coarse spectra as the
stabilization
ΓSpX := ΓSpcX∗[Σ−1]
in the realm of presentable ∞-categories. 
Then ΓSpX is a stable presentable ∞-category which fits into an adjunction
Σmot+ : ΓSpcX  ΓSpX : Ωmot .
We further define the Yoneda functor
Yos := Σmot+ ◦ Yo: ΓBornCoarse→ ΓSpX .
Definition 4.9. We call Yos : ΓBornCoarse→ ΓSpX the universal equivariant coarse
homology theory. 
For a Γ-bornological coarse space X we consider the object Yos(X) of ΓSpX as the motive
of X.
Let C be a cocomplete stable∞-category. Let ΓCoarseHomologyTheoriesC denote the
full subcategory of Fun(ΓBornCoarse,C) of functors which are Γ-equivariant C-valued
coarse homology theories in the sense of Definition 3.10. By Funcolim(ΓSpX ,C) we denote
the full subcategory of Fun(ΓSpX ,C) of colimit preserving functors.
The construction of ΓSpX has the following consequence (see [BE16, Cor. 4.6]):
Corollary 4.10. The functor Yos is a ΓSpX -valued equivariant coarse homology theory.
Furthermore, precomposition with Yos induces an equivalence of ∞-categories
Funcolim(ΓSpX ,C)→ ΓCoarseHomologyTheoriesC .
4.2. Properties
If Y = (Yi)i∈I is an equivariant big family on a Γ-bornological coarse space X, then we
define the equivariant motivic coarse spectrum
Yos(Y) := Σmot+ ◦ L ◦ yo(Y) . (4.7)
Note that we have Σmot+ ◦ L ◦ yo(Y) ' colimi∈I Yos(Yi).
We will use the notation
Yos(X,Y) := Cofib(Yos(Y)→ Yos(X)) . (4.8)
By construction we have the following properties:
Corollary 4.11.
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1. We have a fiber sequence
Yos(Y)→ Yos(X)→ Yos(X,Y)→ ΣYos(Y)
2. For an equivariant complementary pair (Z,Y) on X the natural morphism
Yos(Z,Z ∩ Y)→ Yos(X,Y)
is an equivalence.
3. If X → X ′ is an equivalence of Γ-bornological coarse spaces, then the induced
morphism Yos(X)→ Yos(X ′) is an equivalence in ΓSpX .
4. If X is a flasque Γ-bornological coarse space, then Yos(X) ' 0.
5. For every Γ-bornological coarse space X with coarse structure C the natural map
colim
U∈CΓ
Yos(XU)
'−→ Yos(X)
is an equivalence.
Let X be a Γ-bornological coarse space and A be a Γ-invariant subset of X. Recall that
{A} denotes the equivariant big family generated by A (Example 3.6).
Corollary 4.12. If A is nice, then we the natural map Yos(A)→ Yos({A}) is an equiva-
lence.
Proof. Since A is nice, for every invariant entourage U of X the inclusion A→ U [A] is an
equivalence. The assertion now follows since Yos preserves equivalences.
Let X be a Γ-bornological coarse space and Y, Z be invariant subsets such that Y ∪Z = X.
Definition 4.13. We say that (Y, Z) is a coarsely excisive pair, if:
1. For every entourage U of X there exists an entourage W of X such that
U [Y ] ∩ U [Z] ⊆ W [Y ∩ Z] .
2. There exists a cofinal set of invariant entourages V of X such that V [Y ] ∩ Z is nice.
Note that Condition 2 is a new aspect of the equivariant theory. 
Let X be a Γ-bornological coarse space and Y, Z be invariant subsets such that Y ∪Z = X.
Corollary 4.14. If (Y, Z) is a coarsely excisive pair, then we have a cocartesian square
Yos(Y ∩ Z) //

Yos(Z)

Yos(Y ) // Yos(X)
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Proof. The proof of [BE16, Lem. 3.38] goes through literally. In the proof we need the
equivalence
Yos(V [Y ] ∩ Z) ' Yos({V [Y ] ∩ Z})
for sufficiently large invariant entourages V of X. This is ensured by Condition 2 in the
Definition 4.13 of coarse excisiveness.
Let X be a Γ-bornological coarse space. Given two bornological and Γ-invariant maps
p = (p−, p+) with p− : X → (−∞, 0] and p+ : X → [0,∞) we can form the coarse cylinder
IpX as in the non-equivariant case [BE16, Sec. 4.3]. With its natural Γ-action it is a
Γ-bornological coarse space. The projection IpX → X is a morphism. We will call it an
equivariant cylinder in order to stress that the datum p was Γ-invariant.
Let X be a Γ-bornological coarse space and IpX be an equivariant coarse cylinder.
Corollary 4.15. The projection IpX → X induces an equivalence Yos(IpX)→ Yos(X).
Proof. We observe that the proof of [BE16, Prop. 4.16] goes through. At all places in the
argument where Corollary 4.12 is used the corresponding subset is nice, see Example 3.4.
We say that two morphisms f+, f− : X → X ′ between Γ-bornological coarse spaces are
homotopic if there exists a cylinder IpX such that p± are Γ-invariant, bornological and in
addition controlled, and if there exists a morphism h : IpX → X ′ such that f± = h ◦ i±.
This leads to an extension of the notion of coarse invariance.
Corollary 4.16. If f+ and f− are homotopic, then Yos(f+) and Yos(f−) are equivalent.
4.3. Symmetric monoidal structure
Recall that the category ΓBornCoarse has a symmetric monoidal structure
−⊗− : ΓBornCoarse× ΓBornCoarse→ ΓBornCoarse (4.9)
with tensor unit ∗.
Lemma 4.17. ΓSpX has an induced closed symmetric monoidal structure ⊗ such that the
functor Yos : ΓBornCoarse→ ΓSpX is symmetric monoidal. The functor ⊗ commutes
with colimits in each variable separately.
Proof. We get an induced symmetric monoidal structure on PSh(ΓBornCoarse) by the
Day convolution product. The unit is given by yo(∗), the Yoneda embedding is a strong
symmetric monoidal functor, and PSh(ΓBornCoarse) is closed symmetric monoidal.
For a Γ-bornological coarse space Q the functor
−⊗Q : ΓBornCoarse→ ΓBornCoarse
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maps big families to big families and complementary pairs to complementary pairs. So the
monoidal structure of PSh(ΓBornCoarse) restricts to one on Sh(ΓBornCoarse) and
the sheafification adjunction is a symmetric monoidal adjunction.
The functor − ⊗ Q furthermore respects closeness of morphisms and therefore coarse
equivalences, and it respects flasqueness and u-continuity. So we get an induced symmetric
monoidal structure on ΓSpcX and Yo: ΓBornCoarse→ ΓSpcX is symmetric monoidal.
Since ΓSpcX is presentable, we can equip its stabilization ΓSpX with a unique symmet-
ric monoidal structure ⊗ such that stabilization Σmot+ : ΓSpcX → ΓSpX is symmetric
monoidal [GGN15, Thm. 5.1].
It follows from the construction that ⊗ commutes with colimits in each variable separately.
4.4. Strong version
In this section we discuss an additional property (strongness) which an equivariant coarse
homology theory can have. Another condition (continuity) will be discussed in Section 5.
By definition, a flasque Γ-bornological coarse space X admits a morphism f : X → X
satisfying the conditions listed in Definition 3.8. The first condition is the condition that f
is close to the identity. This fact is usually used in order to deduce that Yos(f) ' idYos(X).
In the following we will use this weaker condition in order to define a more general notion
of flasqueness.
Definition 4.18. X is called weakly flasque if it admits a morphism f : X → X satisfying
1. Yos(f) ' idYos(X).
2. For every entourage U of X the subset
⋃
n∈N(f
n × fn)(U) is again an entourage
of X.
3. For every bounded subset B of X there exists an integer n such that ΓB∩fn(X) = ∅.
We say that f implements weak flasqueness of X. 
Let C be a cocomplete stable ∞-category and consider a C-valued equivariant coarse
homology theory E.
Definition 4.19. E is called strong if E(X) ' 0 for all weakly flasque Γ-bornological
coarse spaces X. 
Let us incorporate now the condition of strongness on the motivic level.
Definition 4.20. We define the version of equivariant motivic spectra ΓSpXwfl as the
localization of the category ΓSpX at the set of morphisms 0 → Yos(X) for all weakly
flasque Γ-bornological coarse spaces X. 
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The corresponding Yoneda functor is denoted by
Yoswfl : ΓBornCoarse→ ΓSpXwfl .
We consider now the ∞-category of strong Γ-equivariant coarse homology theories. The
construction of ΓSpXwfl has the following immediate consequence:
Corollary 4.21. The functor Yoswfl is a ΓSpXwfl-valued equivariant coarse homology
theory. Furthermore, precomposition with Yoswfl induces an equivalence of ∞-categories
Funcolim(ΓSpXwfl,C)→ strongΓCoarseHomologyTheoriesC .
5. Continuity
The purpose of this section is to introduce the notion of continuity for equivariant coarse
homology theories. This property will be crucially needed in Section 11.2. We will first
introduce the notion of trapping exhaustions in Section 5.1. Section 5.2 contains the actual
definition of continuous equivariant coarse homology theories, and Section 5.3 incorporates
continuity motivically. In the last Section 5.4 we will show how one can force continuity
for an equivariant coarse homology theory.
5.1. Trapping exhaustions
In this section we will introduce the notion of a trapping exhaustion of a Γ-bornological
space and discuss some examples and basic properties of this notion. We will also introduce
the stronger notion of a co-Γ-bounded exhaustion.
Let X be a bornological space and let F be a subset of X.
Definition 5.1. The subset F is called locally finite if B ∩ F is finite for every bounded
subset B of X. 
Example 5.2. Every finite subset of X is locally finite. 
Example 5.3. If X has the minimal bornology on X, i.e., a subset is bounded if and only
if it is finite, then every subset of X is locally finite. 
Example 5.4. If X has the maximal bornology on X, i.e., every subset of X is bounded,
then the locally finite subsets of X are exactly the finite subsets. 
Let f : X → X ′ be a proper map between bornological spaces. Let F be a subset of X.
Lemma 5.5. If F is locally finite, then f(F ) is locally finite.
Proof. We use the relation f(F ) ∩B ⊆ f(F ∩ f−1(B)).
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We consider in the following a Γ-bornological space X and a filtered family of invariant
subsets Y = (Yi)i∈I .
Definition 5.6. The family Y is called a trapping exhaustion if for every locally finite,
invariant subset F of X there exists i in I such that F ⊆ Yi. 
Example 5.7. The family consisting of all locally finite, invariant subsets is a trapping
exhaustion.
It might happen that a Γ-bornological coarse space does note admit any non-empty
invariant locally finite subset. Consider e.g. Γ with the maximal bornology. In this case
the empty family is a trapping exhaustion. 
In the following we will introduce a particular kind of trapping exhaustions which we call
co-Γ-bounded exhaustions.
We consider a Γ-bornological space X and a filtered family of invariant subsets Y = (Yi)i∈I .
We use the notation and terminology introduced in Definition 2.12.
Definition 5.8. The family Y is called a co-Γ-bounded exhaustion if
1. Y is an exhaustion, i.e., ⋃i∈I Yi = X, and
2. Y is co-Γ-bounded, i.e., there exists i in I such that X \ Yi is Γ-bounded. 
We consider Γ-bornological spaces X and Z and a filtered family Y := (Yi)i∈I of invariant
subsets of X. In the following we denote by Z ⊗ X the Γ-bornological space whose
bornology is generated by products A×B for all bounded subsets A of Z and B of X.
Lemma 5.9. If Z is bounded and Y is a co-Γ-bounded (resp., trapping) exhaustion of X,
(Z × Yi)i∈I is a co-Γ-bounded (resp., trapping) exhaustion of Z ⊗X.
Proof. The co-Γ-bounded case is straightforward.
For the trapping case assume that F is an invariant, locally finite subset of Z ⊗X. Since
the projection p : Z ⊗X → X is proper, by Lemma 5.5 the subset p(F ) of X is locally
finite. Hence there exists i in I such that p(F ) ⊆ Yi, and therefore F ⊆ Z × Yi.
Lemma 5.10. If Y is a co-Γ-bounded exhaustion of a Γ-bornological space X then it is a
trapping exhaustion.
Proof. Let F be an invariant, locally finite subset of X. Since Y is a co-Γ-bounded
exhaustion of X there exists an index i in I and a bounded subset B of X such that
ΓB ∪ Yi = X. Since the union of Y is X and F ∩B is finite there exists an index j in I
such that i ≤ j and F ∩B ⊆ Yj. Since Yj is invariant, then also F ⊆ Yj.
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Example 5.11. Let Z be a Γ-bounded Γ-bornological space and let Z = (Zi)i∈I be an
exhaustion by not necessarily Γ-invariant subsets. For every i in I we consider the subset
Di := Γ(Zi × {1})
of Z × Γ. We consider the Γ-bornological space Z ⊗ Γ, where Γ has any Γ-invariant
bornology. The family
D := (Di)i∈I
is a co-Γ-bounded (and hence trapping) exhaustion of Z ⊗ Γ. 
We consider [0,∞) as a Γ-bornological space with the trivial action and the bornology
generated by the subsets [0, n] for all integers n. In the following we will construct an
interesting trapping exhaustion of the Γ-bornological space
[0,∞)⊗ Z ⊗ Γ
which will play an important role in Section 11.2.
Note that in general ([0,∞)×Di)i∈I is not trapping.
We consider the set of functions IN with its partial order induced from I. Then the
partially ordered set IN is filtered. For a function κ in IN we define the set
Yκ :=
⋃
n∈N
[n− 1, n]×Dκ(n) .
Lemma 5.12. If Z is Γ-bounded, then Y := (Yκ)κ∈IN is a trapping exhaustion of the space
[0,∞)⊗ Z ⊗ Γ.
Note that the exhaustion Y is not co-Γ-bounded.
Proof. The members of Y are Γ-invariant subsets. For every integer n the family given by
([n− 1, n]×Di)i∈I is a co-Γ-bounded exhaustion of [n− 1, n]⊗ Z ⊗ Γ, since [n− 1, n] is
bounded and (Di)i∈I is a co-Γ-bounded exhaustion of Z ⊗ Γ. So it is trapping.
Let F be a Γ-invariant locally finite subset of [0,∞)×Z × Γ. Then F ∩ [n− 1, n]×Z × Γ
is also locally finite and Γ-invariant. For every integer n we can choose κ(n) in I such that
(F ∩ [n− 1, n]× Z × Γ) ⊆ [n− 1, n]×Dκ(n). This describes a function κ in IN such that
by construction F ⊆ Yκ.
Let f : X ′ → X be a proper map between Γ-bornological spaces.
Lemma 5.13. If Y is a co-Γ-bounded (resp., trapping) exhaustion of X, then f−1Y is a
co-Γ-bounded (resp., trapping) exhaustion of X ′.
Proof. The co-Γ-bounded case is a direct consequence of properness and the fact that
forming preimages commutes with forming complements.
For the trapping case one uses in addition Lemma 5.5.
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5.2. Continuous equivariant coarse homology theories
In this section we will introduce an additional continuity condition on an equivariant
coarse homology theory. We then verify that a continuous equivariant coarse homology
theory preserves coproducts.
Remark 5.14. In Section 7.3 we show continuity of equivariant coarse ordinary homology
theory and in Proposition 8.17 continuity of equivariant coarse algebraic K-homology. In
Example 8.31 we describe a version of the coarse algebraic K-homology theory which is
not continuous. 
We can extend the notions of locally finite subsets and trapping / co-Γ-bounded exhaustions
to Γ-bornological coarse spaces by just considering the underlying Γ-bornological spaces.
Let C be a stable cocomplete ∞-category and
E : ΓBornCoarse→ C
an equivariant coarse homology theory. We use the convention (3.1) for the evaluation
E(Y) on a filtered family Y of invariant subsets of a Γ-bornological coarse space. We have
a natural morphism
E(Y)→ E(X) . (5.1)
Definition 5.15. E is called continuous if for every trapping exhaustion Y of some
Γ-bornological coarse space X the morphism (5.1) is an equivalence. 
Remark 5.16. A continuous equivariant coarse homology theory E is determined by its
values on locally finite, invariant spaces. More precisely, let F(X) be the filtered partially
ordered set of locally finite, invariant subsets of X. In view of Example 5.7 we have a
trapping exhaustion Y := (F )F∈F(X) of X. So we get
E(X) ' E(Y) = colim
F∈F(X)
E(F )
showing the claim.
If F(X) is empty, i.e., X does not admit non-empty locally finite Γ-invariant subsets (see
Example 5.7), and E is continuous, then E(X) ' 0. 
By excision an equivariant coarse homology theory preserves coproducts of finite families
of Γ-bornological coarse spaces. By the following lemma, for a continuous equivariant
coarse homology theory, we can drop the word finite.
Lemma 5.17. A continuous equivariant coarse homology theory preserves coproducts.
Proof. Let (Xi)i∈I be a family of Γ-bornological coarse spaces. We must show that the
natural map ⊕
i∈I
E(Xi)→ E
(∐
i∈I
Xi
)
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is an equivalence. All invariant subsets of
∐
i∈I Xi have the induced bornological coarse
structures.
Consider the following diagram, where the horizontal maps are equivalences by continuity
and where F(−) is the trapping exhaustion consisting of all locally finite, invariant subsets.⊕
i∈I colimFi∈F(Xi) E(Fi)
!

' //⊕
i∈I E(Xi)

colimF∈F(∐i∈I Xi) E(F ) ' // E(∐i∈I Xi)
It remains to show that the map marked with ! is an equivalence. The bornology of the
coproduct is described in [BE16, Lemma 2.24]. A subset of the coproduct is bounded if
and only if its intersection with Xi for every i in I is bounded. This implies that for every
invariant, locally finite subset F of
∐
i∈I Xi there exists a minimal finite subset J(F ) of I
such that F ⊆∐i∈J(F ) Xi. We write Fi := F ∩Xi. Then
F =
⋃
i∈J(F )
Fi
is a finite, coarsely disjoint decomposition. Hence
E(F ) '
⊕
i∈J(F )
E(Fi) '
⊕
i∈I
E(Fi) .
That the map marked with ! is an equivalence now follows from the equivalence⊕
i∈I
colim
Fi∈F(Xi)
E(Fi) ' colim
(Fi)i∈F(
∐
i∈I Xi)
⊕
i∈I
E(Fi) .
5.3. Continuous coarse motives
In this section we will explain how to incorporate continuity on the motivic level and we
will discuss basic properties of this procedure. Recall the Yoneda embedding (4.1) and the
notation (4.2). We have a natural morphism
yo(Y)→ yo(X) . (5.2)
Let E be an object of PSh(ΓBornCoarse).
Definition 5.18. We call E continuous if it is local with respect to the morphisms (5.2)
for all trapping exhaustions Y of Γ-bornological coarse spaces X. 
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Remark 5.19. Let E be an object of PSh(ΓBornCoarse) and recall (4.3). The collection
of restriction morphisms E(X)→ E(Yi) for all i in I induce a natural morphism
E(X)→ E(Y) . (5.3)
Then E is continuous if and only if the morphism (5.3) is an equivalence for every trapping
exhaustion Y of a Γ-bornological coarse space X. 
We now incorporate continuity on the motivic level by adding this relation to the list in
Definition 4.7.
Definition 5.20. We define the ∞-category of continuous Γ-equivariant motivic coarse
spaces ΓSpcXc to be the full localizing subcategory of Sh(ΓBornCoarse) of coarsely
invariant, continuous and u-continuous sheaves which vanish on flasques. 
The locality condition is generated by a small set of morphisms. Therefore we have a
localizing adjunction
Lc : PSh(ΓBornCoarse)  ΓSpcXc : inclusion . (5.4)
We define
Yoc := Lc ◦ yo: ΓBornCoarse→ ΓSpcXc .
We furthermore have a localizing adjunction
C : ΓSpcX  ΓSpcXc : inclusion
and the relations
Lc ' C ◦ L , Yoc ' C ◦ Yo .
where L is as in (4.6).
The ∞-category ΓSpcX is a presentable ∞-category.
Definition 5.21. We define the category of continuous equivariant motivic coarse spectra
as the stabilization
ΓSpXc := ΓSpcXc,∗[Σ−1]
in the realm of presentable ∞-categories. 
Then ΓSpXc is a stable presentable ∞-category which fits into an adjunction
Σmotc,+ : ΓSpcXc  ΓSpXc : Ωmotc .
We further define the following stable continuous version of the Yoneda functor:
Yosc := Σ
mot
c,+ ◦ Yoc : ΓBornCoarse→ ΓSpXc . (5.5)
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We obtain the functor Cs in the following commuting square from the universal property
of the stabilization:
ΓSpcX Σ
mot
+
//
C

ΓSpX
Cs

ΓSpcXc
Σmotc,+
// ΓSpXc
(5.6)
We furthermore have the relation
Yosc ' Cs ◦ Yos . (5.7)
Let C be a cocomplete stable ∞-category. We let ContΓCoarseHomologyTheoriesC
denote the full subcategory of Fun(ΓBornCoarse,C) of functors which are continuous
Γ-equivariant coarse homology theories in the sense of Definition 3.10.
The construction of ΓSpXc has the following immediate consequence:
Corollary 5.22. Precomposition with Yosc induces an equivalence of ∞-catgeories
Funcolim(ΓSpXc,C)→ ContΓCoarseHomologyTheoriesC .
The Yoneda functor Yosc has all the properties listed in Section 4.2. In addition it satisfies:
Corollary 5.23. We have
Yosc(Y) ' Yosc(X)
for every trapping exhaustion Y of a Γ-bornological coarse space X.
So in particular, Yosc(X) is determined by the collection of invariant, locally finite subsets
of X:
Yosc(X) ' colim
F∈F(X)
Yosc(F ) .
Note that Yosc is a ΓSpXc-valued continuous Γ-equivariant coarse homology theory. Hence
Lemma 5.17 implies:
Corollary 5.24. The functor Yosc : ΓBornCoarse→ ΓSpcXc preserves coproducts.
If Y = (Yi)i∈I is a co-Γ-bounded (or trapping, respectively) exhaustion of a Γ-bornological
space X and Z is a second Γ-bornological coarse space, then Y × Z := (Yi × Z)i∈I is not
necessarily trapping in X ⊗ Z. As a consequence the symmetric monoidal structure ⊗
does not descend to continuous motivic coarse spectra. But if Z is bounded, then Y × Z
is again a trapping exhaustion of X ⊗ Z by Lemma 5.9. We can conclude:
Corollary 5.25. If Z is a bounded Γ-bornological coarse space, then the functor
−⊗ Z : ΓBornCoarse→ ΓBornCoarse
descends to a functor
−⊗mot Z : ΓSpXc → ΓSpXc
such that
Yosc(X ⊗ Z) ' Yosc(X)⊗mot Z . (5.8)
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5.4. Forcing continuity
To every C-valued equivariant coarse homology theory E we can naturally associate a
continuous version Econt. This is actually the best approximation of E by some continuous
C-valued equivariant coarse homology theory. We will show that there is an adjunction
(−)cont : ΓCoarseHomologyTheoriesC  ContΓCoarseHomologyTheoriesC : inclusion .
Let us first construct the functor (−)cont. For simplicity of the presentation we will only
describe it on objects. The honest construction of the functor is similar and just involves
more complicated diagrams.
Denote by ΓBornCoarsemb the full subcategory of ΓBornCoarse spanned by the Γ-
bornological coarse spaces which carry the minimal bornology. Given a functor
E : ΓBornCoarse→ C
with target a stable cocomplete ∞-category, we define the functor Econt by left Kan
extension:
ΓBornCoarsemb E //

C
ΓBornCoarse
Econt
77
Since the image of every morphism originating in a Γ-bornological coarse space with
minimal bornology is locally finite, the point-wise formula for the left Kan-extension
implies that the canonical map
colim
F∈F(X)
E(FX)
∼−→ Econt(X) (5.9)
is an equivalence.
Lemma 5.26. If E is an equivariant coarse homology theory, then Econt is a continuous
equivariant coarse homology theory.
Proof. We start with showing that Econt is coarsely invariant. Let X be a Γ-bornological
space. Since the subsets {0, 1} × F of {0, 1} ×X for all locally finite invariant subsets
F of X are cofinal in all locally finite invariant subsets of {0, 1}max,max ⊗X we get the
second equivalence in the chain
Econt({0, 1}max,max ⊗X) ' colim
F ′∈F({0,1}⊗X)
E(F ′{0,1}max,max⊗X)
' colim
F∈F(X)
E({0, 1}max,max ⊗ FX)
' colim
F∈F(X)
E(FX)
' Econt(X) .
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See Example 2.10 for the notation FX (the induced structures on the subset F ). The third
equivalence in the above chain of equivalences follows from the coarse invariance of E.
Next we show that Econt satisfies excision. If (Z,Y) is an invariant complementary pair on
the Γ-bornological coarse space X, then (F ∩ Z, F ∩ Y) is an invariant complementary
pair on FX . Hence
Econt(Z ∩ Y) //

Econt(Y)

Econt(Z) // Econt(X)
is the colimit of the push-out diagrams over F in F(X):
E(F ∩ Z ∩ Y) //

E(F ∩ Y)

E(F ∩ Z) // E(FX)
(all subsets of F are equipped with the bornological coarse structures induced from FX)
and hence itself a push-out diagram.
We now show that Econt vanishes on flasques. Assume that X is a flasque Γ-bornological
coarse space and that flasqueness is implemented by the morphism f : X → X. If F
is an invariant, locally finite subset of X, then F˜ :=
⋃
n∈N f
n(F ) is again an invariant,
locally finite subset of X. Furthermore, F˜X is flasque with flasqueness implemented by
the restriction f |F˜ . The inclusion F → F˜ belongs to the structure maps for the colimit
over F(X). Since E(F˜ ) ' 0 this finally implies that Econt(X) ' 0.
Finally, we have u-continuity by
colim
U∈C
Econt(XU) ' colim
U∈C
colim
F∈F(X)
E(FXU )
' colim
U∈C
colim
F∈F(X)
E(F(F×F )∩U)
' colim
F∈F(X)
colim
U∈C
E(F(F×F )∩U)
' colim
F∈F(X)
E(FX)
' Econt(X) .
This finishes the proof that Econt is an equivariant coarse homology theory.
We now argue that Econt is continuous. Let X be a Γ-bornological coarse space and
Y = (Yi)i∈I be a trapping exhaustion of X. For every invariant, locally finite subset F
of X exists an index i in I such that F ⊆ Yi. Furthermore, for every i in I we have an
inclusion F(Yi) ⊆ F(X). This implies that
Econt(Y) ' colim
i∈I
colim
F∈F(Yi)
E(FYi) ' colim
F∈F(X)
E(FX) ' Econt(X) .
This finishes the proof of Lemma 5.26.
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Proposition 5.27. There exists an adjunction
(−)cont : ΓCoarseHomologyTheoriesC  ContΓCoarseHomologyTheoriesC : inclusion .
Proof. The collection of maps F → X for all locally finite invariant subsets F of X induces
a transformation of functors
η : (−)cont → id
on ΓCoarseHomologyTheoriesC. By Remark 5.16, if E is continuous, then the trans-
formation ηE : Econt → E is an equivalence. Moreover the transformations ηEcont and
(ηE)cont (i.e., the functor (−)cont applied to ηE) are equivalences. By [Lur09, Prop. 5.2.7.4]
we get the desired adjunction.
Let the cocomplete stable ∞-category C admit all small products. Let E be a C-valued
equivariant coarse homology theory.
Lemma 5.28. If E is strongly additive, then so is Econt.
Proof. Let (Xi)i∈I be a family of Γ-bornological coarse spaces and set X :=
⊔free
i∈I Xi
(Example 2.16). For a subset F of X and i in I we write Fi := F ∩Xi. Then F is locally
finite in X if and only if Fi is locally finite in Xi for every i in I. Furthermore, we have
an isomorphism of Γ-bornological coarse spaces FX ∼=
⊔free
i∈I Fi,Xi . This implies
colim
F∈F(X)
∏
i∈I
E(Fi,Xi) '
∏
i∈I
colim
Fi∈F(Xi)
E(Fi,Xi) .
We must show that the right vertical map in the diagram
colimF∈F(X) E(FX)
' //
'

Econt(X)

colimF∈F(X)
∏
i∈I E(Fi,Xi)
'
∏
i∈I colimFi∈F(Xi) E(Fi,Xi)
' //∏
i∈I Econt(Xi)
is an equivalence. Indeed, the horizontal maps are equivalences by the definition of Econt
and the upper vertical map is an equivalence since E is strongly additive.
6. Change of groups
In this section we describe various change of groups constructions. They induce adjunctions
between the corresponding categories of equivariant motivic coarse spectra which are very
similar to the base change functors in motivic homotopy theory.
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Assume that we are given an equivariant coarse homology theory defined for every group
(as it is the case for all our examples). The compatibility of the equivariant coarse homology
theory with the change of groups functors is expressed by natural transformations. These
transformations are additional data and will be discussed for every example of equivariant
coarse homology theory separately.
What we describe here is the beginning of a story which should finally capture all group-
change functors in a sort of spectral Mackey functor formalism (see, e.g., Barwick [Bar17]
and Barwick–Glasman–Shah [BGS15]). The obvious task here is to capture the relations
between these functors on the motivic level (like iterated restrictions or inductions and the
Mackey relation, Lemma 6.8) together with all their higher coherences in a proper way.
All change of groups transformations are associated to a homomorphism of groups
ι : H → Γ .
6.1. Restriction
Every Γ-bornological coarse space gives rise to an H-bornological coarse space, where the
action of H is induced from the action of Γ via ι. In this way we get a restriction functor
ResΓH : ΓBornCoarse→ HBornCoarse .
If the homomorphism ι is not clear from the context, then we add it to the notation and
write ResΓH(ι).
The functor ResΓH induces a pull-back functor Res
Γ
H,pre for presheaves, which preserves
all limits and colimits. Since PSh(ΓBornCoarse) is a presentable ∞-category, by Lurie
[Lur09, Cor. 5.5.2.9] the functor ResΓH,pre is the right-adjoint of an adjunction
ResΓ,preH : PSh(ΓBornCoarse)  PSh(HBornCoarse) : ResΓH,pre .
The functor ResΓH sends equivariant complementary pairs on a Γ-bornological coarse
space X to equivariant complementary pairs on the H-bornological coarse space ResΓH(X).
Consequently, the restriction functor ResΓH,pre preserves sheaves. In the following, we
decorate the Yoneda functors by the relevant group. Using ResΓ,preH ◦ yoΓ ' yoH ◦ ResΓH ,
we see that ResΓ,preH sends the generators of the localization listed in Definition 4.6 for the
group Γ to corresponding generators for H. We conclude that ResΓH,pre preserves coarsely
invariant sheaves, sheaves which vanish on flasque spaces, and u-continuous sheaves. Hence
we get an adjunction
ResΓ,∗H : ΓSpcX  HSpcX : ResΓH,∗ .
Here ResΓH,∗ is given by the restriction of Res
Γ
H,pre to coarse motivic spaces, and its left
adjoint satisfies
ResΓ,∗H ' LH ◦ ResΓ,preH ,
where LH is the localization as in (4.6) (we have added a subscript H in order to indicate
the relevant group).
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Hence by passing to the stabilizations we get an adjunction
ResΓ,MotH : ΓSpX  HSpX : ResΓH,Mot ,
where ResΓH,Mot is defined by the extension of the functor Res
Γ
H,pre to stable objects. The
obvious equivalence
ResΓ,preH ◦ yoΓ ' yoH ◦ ResΓH
implies the equivalence
ResΓ,MotH ◦ YosΓ ' YosH ◦ ResΓH .
where we have decorated the Yoneda functors by the relevant group.
6.2. Completion
We consider a Γ-bornological coarse space X. Let C and B denote the coarse structure
and the bornology of X. We define a new compatible bornology BH on X generated by
the ι(H)-completions ι(H)B of the bounded subsets B of X. We observe that C and BH
are compatible and that BH is NΓ(ι(H))-invariant (as a subset of P(X)), where NΓ(ι(H))
denotes the normalizer of the subgroup ι(H) in Γ.
Definition 6.1. The H-completion of X is the NΓ(ι(H))-bornological coarse space defined
by BH(X) := (X, C,BH). 
In this way we define a functor
BH : ΓBornCoarse→ NΓ(ι(H))BornCoarse .
The pull-back along BH induces an adjunction
BpreH : PSh(ΓBornCoarse)  PSh(NΓ(ι(H))BornCoarse) : BH,pre .
It is easy to see that BH,pre preserves sheaves, u-continuity and coarse invariance, since its
left-adjoint adjoint BpreH preserves the corresponding generating morphisms. See Section 6.1
for a similar argument.
If X is a flasque Γ-bornological coarse space with flasqueness implemented by f : X → X,
then BH(X) is flasque with flasqueness implemented by the same map. Here it is important
to define flasqueness with Condition 3 in Definition 3.8 and not the weaker one discussed
in Remark 3.9. Consequently, BH,pre preserves presheaves which vanish on flasques.
Similarly as in the case of the restriction, we get an adjunction
BMotH : ΓSpX  NΓ(ι(H))SpX : BH,Mot
and an equivalence
BMotH ◦ YosΓ ' YosNΓ(ι(H)) ◦BH .
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The identity of the underlying set induces a morphism bH : BH(X)→ ResΓNΓ(ι(H))(X). The
transformation bH induces a natural transformation of functors
bH : BH → ResΓNΓ(ι(H)) : ΓBornCoarse→ NΓ(ι(H))BornCoarse .
By functoriality, we get a transformation
bH : E ◦BH → E ◦ ResΓNΓ(ι(H))
for any equivariant coarse homology theory E.
Remark 6.2. If H is a finite group, then BH ∼= ResΓNΓ(ι(H)). 
6.3. Quotients
We consider a Γ-bornological coarse space X. We form the quotient set H\X which carries
an action of the group
WΓ(H) := NΓ(ι(H))/ι(H) ,
where NΓ(ι(H)) denotes the normalizer of the subgroup ι(H) in Γ.
Let pi : X → H\X denote the projection. We equip H\X with the maximal bornology
such that the projection pi : BH(X)→ H\X is proper. Furthermore, we equip H\X with
the minimal coarse structure such that pi : X → H\X is controlled. In this way we define
a functor
QH : ΓBornCoarse→ WΓ(H)BornCoarse .
The projection maps define a natural transformation piH : BH → ResWΓ(H)NΓ(ι(H))(QH) of
NΓ(ι(H))BornCoarse-valued functors.
For X in ΓBornCoarse one can interpret Res
WΓ(H)
NΓ(ι(H))
QH(X) as a coequalizer. For a
bornological coarse space Z let Zmax−B denote the bornological coarse space obtained by
replacing its bornology by the maximal bornology. The two maps H × X → X in the
lemma below are given by the projection (h, x) 7→ x and the action (h, x) 7→ hx. The
diagram and the colimit are considered in NΓ(ι(H))BornCoarse, where the action of σ
in NΓ(ι(H)) on H ×X is given by σ(h, x) := (σhσ−1, σx).
Lemma 6.3. We have an isomorphism
Res
WΓ(H)
NΓ(ι(H))
QH(X) ∼= colim
(
(Hmin,max ⊗X)max−B ⇒ BH(X)
)
.
Proof. One checks that the two morphisms in the coequalizer diagram are controlled. Since
we replaced the bornology on the domain by the maximal one they are obviously proper.
The coequalizer diagram is colim-admissible, see Example 2.25. One checks that the
description of the structures on QH(X) given above coincides with the explicit description
of the structures of the colimit given in the proof of Proposition 2.21.
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The functor QH induces a pull-back in presheaves QH,pre. This functor preserves all limits
and colimits. Again by Lurie [Lur09, Cor. 5.5.2.9] it fits into an adjunction
QpreH : PSh(ΓBornCoarse)  PSh(WΓ(H)BornCoarse) : QH,pre .
Note that the functor QH induces a bijection between equivariant complementary pairs
on a Γ-bornological coarse space X and on the WΓ(H)-bornological coarse space QH(X).
Consequently, QH,pre preserves sheaves.
It is furthermore clear that QH,pre preserves coarsely invariant sheaves and u-continuous
sheaves. If the Γ-bornological coarse space X is flasque with flasqueness implemented
by f : X → X, then the induced map f¯ : QH(X) → QH(X) implements flasqueness of
QH(X). It follows that QH,pre preserves coarse motivic spaces.
Hence QH,pre restricts to equivariant coarse motivic spaces. Similar as before we get an
adjunction
QMotH : ΓSpX  WΓ(H)SpX : QH,Mot .
We have the relation
YosWΓ(H) ◦QH ' QMotH ◦ YosΓ .
6.4. Products
We consider two groups Γ and Γ′. For a Γ-bornological coarse space X and a Γ′-bornological
coarse space X ′ we can form the product X ⊗X ′ which is a (Γ× Γ′) bornological coarse
space. We fix the Γ-bornological coarse space X and consider the functor
PX := X ⊗− : Γ′BornCoarse→ (Γ× Γ′)BornCoarse .
As in the preceding cases one can check that the restriction
PX,pre : PSh((Γ× Γ′)BornCoarse)→ PSh(Γ′BornCoarse)
along PX preserves coarse motivic spaces and induces an adjunction
PMotX : Γ
′SpX  (Γ× Γ′)SpX : PX,Mot
such that
PMotX ◦ YosΓ′ ' Yos(Γ×Γ′) ◦ PX .
6.5. Induction
We now come back to our original situation and consider the homomorphism ι : H → Γ of
groups. We define a (Γ×H)-bornological coarse space Γˆ as follows:
1. The underlying bornological coarse space of Γˆ is Γmin,min.
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2. The group (Γ×H) acts on the set Γˆ by
(γ, h)γ′ := γγ′ι(h)−1 .
We define the functor
PˆΓ := Res
Γ×H×H
Γ×H ◦ PΓˆ : HBornCoarse→ (Γ×H)BornCoarse ,
where the restriction is along the homomorphism
idΓ× diagH : Γ×H → Γ×H ×H .
This functor extends to motives
PˆMotΓ := Res
Γ×H×H,Mot
Γ×H ◦ PMotΓˆ .
By construction we have an adjunction
PˆMotΓ : HSpX  (Γ×H)SpX : PˆΓ,Mot
and the relation
YosΓ×H ◦ PˆΓ ' PˆMotΓ ◦ YosH .
We consider the canonical embedding κ : H → Γ×H into the second factor. Note that
then we have Γ×H = NΓ×H(H) and hence WΓ×H(H) ∼= Γ. We thus have the quotient
functor
QH(κ) : (Γ×H)BornCoarse→ ΓBornCoarse
(it is useful to add the embedding κ as an argument since there is also the other obvious
homomorphism (ι, id) : H → Γ×H). We define the induction functor as the composition
IndΓH : HBornCoarse→ ΓBornCoarse , IndΓH := QH(κ) ◦ PˆΓ .
The induction functor extends to motives
IndΓ,MotH := Q
Mot
H (κ) ◦ PˆMotΓ : HSpX → ΓSpX
such that
IndΓ,MotH ◦YosH ' YosΓ ◦ IndΓH .
Remark 6.4. The underlying Γ-set of IndΓH(X) is Γ×H X with the left-action of Γ on
the left factor. Here Γ×H X stands for the quotient set H\(Γ×X) with respect to the
action given by
h(γ, x) = (γι(h−1), hx) .
The bornology on Γ ×H X is generated by the images of the subsets {γ} × B for all
bounded subsets of X, and the coarse structure is generated by the images of diagΓ×U
for all entourages U of X. 
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Let K := ker(ι : H → Γ).
Lemma 6.5. We have IndΓH
∼= IndΓH ◦BK.
Proof. Straightforward.
Remark 6.6. Using Lemma 6.3 one can easily check that we have an isomorphism
IndΓH(X)
∼= colim ((Hmin,max ⊗ Γmin,min ⊗X)max−B ⇒ BH(Γmin,min ⊗X))
in ΓBornCoarse. The two arrows are given by (h, γ, x) 7→ (γ, x) and (h, γ, x) 7→
(γh−1, hx). The group Γ acts on the factor Γmin,min by left multiplication. We used
the more complicated description of the induction as a composition of various previously
defined functors in order to deduce that induction descends to motives. 
Proposition 6.7. If K is finite and the image of ι has finite index in Γ, then we have an
adjunction
IndΓH : HBornCoarse ΓBornCoarse : ResΓH .
Proof. As we observed earlier, the underlying set of IndΓH(X) is given by Γ×H X. Recall
that the functions 2
X → Γ×H X, x 7→ [e, x]
and
Γ×H ResΓH(Y )→ Y, [γ, y] 7→ γy
define the unit and counit, respectively, of an adjunction HSet ΓSet. We must check
that these functions define morphisms of equivariant bornological coarse spaces.
Since K is finite and normal in H, we have BKX ∼= X for every H-bornological coarse
space X. We claim that the function
X → Γ×X , x 7→ (e, x)
defines a natural morphism BKX → BH(Γmin,min ⊗ X). This function is obviously
controlled. To see that it is proper, we note that the generating bounded subsets of
BH(Γmin,min ⊗X) are of the form ι(H)({γ} ×B). The intersection of such a subset with
{e} ×X is equal to {e} ×KB, hence bounded because K is finite. Then the unit is given
by the composition
X ∼= BK(X)→ ResΓH(BH(Γmin,min⊗X)) pi−→ ResΓH(QH(Γmin,min⊗X)) = ResΓH(IndΓH(X)).
Consider now the composition
F : Γ× ResΓHY → Γ×H ResΓHY → Y
of the projection map with the function which will provide the desired counit. It suffices
to show that this composition is a morphism of bornological coarse spaces BH(Γmin,min ⊗
2We use the word “function” in order to denote maps between underlying sets
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ResΓH(Y ))→ Y . If U is an entourage of Y , then F (diagΓ×U) =
⋃
γ∈Γ(γ × γ)(f × f)(U)
is an entourage of Y , see Remark 2.3. If B is a bounded subset of Y , then F−1(B) =⋃
γ∈Γ{γ−1} × γB is bounded since
⋃
h∈H{γι(h)−1} × ι(h)B is bounded for every γ in Γ
and the image of ι has finite index in Γ. This shows that F , and hence the counit, is a
morphism.
We now consider homomorphisms H → Γ and H ′ → Γ, and set K := ker(H → Γ) and
K ′ := ker(H ′ → Γ). Note that WH(K) ∼= H/K =: H¯ and WH′(K ′) ∼= H ′/K ′ =: H¯ ′.
Lemma 6.8. Assume that H ′\Γ/H is finite.
For an H-bornological coarse space X we have the relation
ResΓH′ ◦ IndΓH(X) ∼=
∐
[γ]∈H¯′\Γ/H¯
ResH¯
′
H′ ◦ IndH¯
′
H¯∩γ−1H¯′γ ◦ResH¯H¯∩γ−1H¯′γ(cγ) ◦ IndH¯H(X) .
where cγ : H¯ ∩ γ−1H¯ ′γ → H¯ is given by h¯ 7→ γ−1h¯γ.
Proof. One just makes all definitions explicit.
The induction on the motivic level is given by
IndΓ,MotH := Q
Mot
H ◦ PˆMotΓ .
This functor fits into the adjunction
IndΓ,MotH : HSpX  ΓSpX : IndΓH,Mot
and is compatible with the Yoneda functor:
IndΓ,MotH ◦YosH ' YosΓ ◦ IndΓH .
Since the Yoneda functor preserves finite coproducts (since it is excisive), the Lemma 6.8
implies:
Corollary 6.9. If H ′\Γ/H is finite, then
ResΓ,MotH′ ◦ IndΓ,MotH '
⊕
[γ]∈H¯′\G/H¯
ResH¯
′,Mot
H′ ◦ IndH¯
′,Mot
H¯∩γ−1H¯′γ ◦ResH¯,MotH¯∩γ−1H¯′γ(cγ) ◦QMotK .
Part II.
Examples
7. Equivariant coarse ordinary homology
7.1. Construction
In this section we introduce equivariant coarse ordinary homology theory. Its construction
is completely analogous to the non-equivariant case [BE16, Sec. 6.3].
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Let X be a Γ-bornological coarse space and let n be a natural number. An n-chain on
X is a function c : Xn+1 → Z. Its support is defined by supp(c) := {x ∈ Xn+1 | c(x) 6= 0}.
We typically think of n-chains as infinite linear combinations of points in Xn+1.
Let U be a coarse entourage of X and let B be a bounded subset. A point (x0, . . . , xn) in
Xn+1 is U -controlled if (xi, xj) ∈ U for every 0 ≤ i, j ≤ n. The point (x0, . . . , xn) in Xn+1
meets B if there exists 0 ≤ i ≤ n such that xi lies in B.
An n-chain c is U -controlled if every point of its support is U -controlled. The n-chain c is
controlled if it is U -controlled for some coarse entourage U of X. Furthermore, c is locally
finite if for every bounded subset B of X the set of points in supp(c) which meet B is
finite. We let CXn(X) denote the abelian group of controlled locally finite n-chains.
The boundary operator ∂ : CXn(X) → CXn−1(X) (for all n ≥ 1) is defined to be ∂ :=∑n
i=0(−1)i∂i, where ∂i is the linear extension of the operator Xn+1 → Xn omitting the
i’th entry. One checks that ∂ is well-defined and a differential of a chain complex. By
CX (X) we denote the chain complex of locally finite and controlled chains on X.
Definition 7.1. For every natural number n we let CX Γn (X) denote the subgroup of
CXn(X) of locally finite and controlled n-chains which are in addition Γ-invariant. 
For every natural number n the boundary operator ∂ : CXn+1(X)→ CXn(X) restricts to
a boundary operator ∂ : CX Γn+1(X) → CX Γn (X) between the subgroups of Γ-invariants.
Hence we have defined a subcomplex CX Γ(X) of CX (X). If f : X → X ′ is a morphism
between Γ-bornological coarse spaces, then the induced map CX (f) : CX (X)→ CX (X ′)
of chain complexes preserves the subcomplexes of Γ-invariants. Therefore, we obtain a
functor
CX Γ : ΓBornCoarse→ Ch ,
where Ch denotes the category of chain complexes.
In order to go from chain complexes to spectra we use the Eilenberg–MacLane correspon-
dence
EM : Ch→ Sp . (7.1)
One way to define this functor is as the composition
EM : Ch→ Ch[W−1]→ Sp ,
where the first functor is the localization of the category of chain complexes at the quasi-
isomorphisms, and the second functor is the mapping spectrum functor map(Z[0], . . . ) of
the stable ∞-category Ch[W−1], where Z[0] is the chain complex with Z placed in degree
zero.
Definition 7.2. We define the functor HX Γ : BornCoarse→ Sp by
HX Γ := EM ◦ CX Γ . 
Theorem 7.3. HX Γ is an equivariant coarse homology theory.
Proof. We observe that the arguments given in the proof of the [BE16, Thm. 6.15] extend
word-by-word to the equivariant case.
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7.2. Calculations for spaces of the form Γcan,min ⊗ Smin,max
In this section we will do some computations of equivariant coarse ordinary homology
groups. In particular, we will relate it to ordinary group homology.
Example 7.4. If the Γ-bornological coarse space X has the trivial Γ-action, then we have
an isomorphism HX Γ(X) ∼= HX (X). 
In order to provide more examples we consider the group homology functor
H(Γ,−) : Mod(Z[Γ])→ Sp
which can be defined as the composition
Mod(Z[Γ])→ ChZ[Γ] → ChZ[Γ][W−1] '←− ChfreeZ[Γ][W−1]
Z⊗Z[Γ]−−−−−→ ChZ[W−1] EM−−→ Sp .
The first functor sends a Z[Γ]-module to a chain complex of Z[Γ]-modules concentrated in
degree 0. The second functor is the localization at quasi-isomorphisms. The equivalence
in the third step is induced by the inclusion of the full subcategory of chain complexes of
free Z[Γ]-modules. It is essentially surjective by the existence of free resolutions. Finally,
the functor Z⊗Z[Γ] − is well-defined since it preserves quasi-isomorphisms between chain
complexes of free Z[Γ]-modules.
Since the above definition involves the inverse of an equivalence it does not directly provide
an explicit formula. But for calculations it is useful to choose an explicit model for H(Γ,−).
The standard choice is as follows. We consider the chain complex of Z[Γ]-modules C(Γ)
given by
· · · → Z[Γn+1]→ Z[Γn]→ · · · → Z[Γ] .
The differential C(Γ)n+1 → C(Γ)n is defined as the linear extension of the map
(γ0, . . . , γn+1)→
n+1∑
i=0
(−1)i(γ0, . . . , γ̂i, . . . , γn+1) ,
where γ̂i indicates that this component gets omitted. The group Γ acts diagonally on the
products Γn and this induces the Z[Γ]-module structure on C(Γ). We now consider the
functor
C(Γ,−) : Mod(Z[Γ])→ ChZ , V 7→ Z⊗Z[Γ] (C(Γ)⊗Z V ) ,
which sends a Z[Γ]-module V to its standard complex C(Γ, V ). Here Γ acts diagonally on
C(Γ)⊗Z V . Then we have an equivalence of functors
H(Γ,−) ' EM ◦ C(Γ,−) .
If S is a Γ-set, then we form the Γ-bornological coarse space Smin,max given by the Γ-set S
with the maximal bornological and the minimal coarse structure. In this way we get a
functor
(−)min,max : ΓSet→ ΓBornCoarse .
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We have furthermore a functor
ΓSet→Mod(Z[Γ]) , S 7→ Z[S] .
We now have two functors ΓSet→ Sp given by
S 7→ HX Γ(Γcan,min ⊗ Smin,max) and S 7→ H(Γ,Z[S]) .
Proposition 7.5 (cf. [Eng18, Prop. 3.8]). There is a natural equivalence
HX Γ(Γcan,min ⊗ Smin,max) ' H(Γ,Z[S]) .
Proof. We claim that there is a natural isomorphism between CX Γ(Γcan,min ⊗ Smin,max)
and the standard complex C(Γ,Z[S]). To do so, we identify Z[Γn+1]⊗ZZ[S] ∼= Z[Γn+1×S],
where Γn+1 × S carries the diagonal Γ-action. Then we define the homomorphism
φn : Cn(Γ,Z[S]) ∼= Z⊗Z[Γ] Z[Γn+1 × S]→ CX Γ(Γcan,min ⊗ Smin,max) (7.2)
as the linear extension of
1⊗ (γ0, γ1, . . . , γn, s) 7→
∑
γ∈Γ
((γγ0, γs), . . . , (γγn, γs)) . (7.3)
Note that all summands are different points on (Γ × S)n+1 so that the infinite sum
makes sense, and it is Γ-invariant by construction. Every point ((γγ0, γs), . . . , (γγn, γs)) is
controlled by the entourage Γ{(γi, γj) | 0 ≤ i, j ≤ n} × diagS of the Γ-bornological coarse
space Γcan,min ⊗ Smin,max. To show that this chain is also locally finite, it suffices to check
that there are only finitely many points in the support of the chain (7.3) which meet
bounded sets of the form B × S, where B is some finite subset of Γ. This is clear since Γ
acts freely on Γn+1. This finishes the argument for the assertion that (7.2) is well-defined.
It is straightforward to check that the collection {φn}n is a chain map.
We now argue that the map (7.2) is an isomorphism. To this end we define an inverse
ψ : CXn(Γcan,min ⊗ Smin,max)→ Z⊗Z Z[Γn+1 × S] ∼= Cn(Γ,Z[S]) .
Let
c =
∑
x∈(Γ×S)n+1
nxx
be an invariant, controlled and locally finite n-chain on Γcan,min⊗Smin,max. We now define
ψ(c) :=
∑
(γ1,...,γn,s)∈Γn×S
n((1,s),(γ1,s)...,(γn,s)) ⊗ (1, γ1, . . . , γn, s) .
Assume that c is U -controlled. Then only summands with {γ1, . . . , γn} ⊆ U [{1}] contribute
to the sum. Since U [{1}] is bounded and c is locally finite we see that the number of
non-trivial summands is finite. This implies that ψ(c) is well-defined.
45
It is straightforward to check that φ and ψ are inverse to each other: To see that ψ ◦φ = id,
use that
1⊗ (γ0, γ1, . . . , γn, s) = 1⊗ (1, γ−10 γ1, . . . , γ−10 γn, γ−10 s) .
The equality φ ◦ ψ = id follows from the Γ-invariance of an n-chain c = ∑x∈(Γ×S)n+1 nxx
together with the observation that n((γ0,s0),...,(γn,sn)) = 0 unless s0 = · · · = sn. The latter
fact is due to S carrying the minimal coarse structure.
One easily checks that φ is natural for maps between Γ-sets.
Remark 7.6. Assume that S is a transitive Γ-set. If we fix a point s in S and let Γs
denote the stabilizer subgroup of s, then we have an isomorphism of Z[Γ]-modules
Z[S] ∼= IndΓΓs Z .
The induction isomorphism in group homology now gives the chain of equivalences
H(Γ,Z[S]) ' H(Γ, IndΓΓs Z) ' H(Γs,Z) .
Since this identification involves the choice of the base point s it is not reasonable to state
any naturality (for morphisms of Γ-sets) of this equivalence. 
The following definition and proposition depend on definitions and results of the following
sections. They are not needed later and can safely be skipped on first reading.
We can apply Proposition 7.5 in order to study the equivariant homology theory HZΓ
on Γ-topological spaces induced by the equivariant coarse homology HX Γ and the twist
Yos(Γcan,min); see Definition 10.29 and Equation (10.17) for the notation.
Definition 7.7. We define the equivariant ordinary homology theory by
HZΓ := HX ΓYos(Γcan,min)O∞hlg : ΓTop→ Sp . 
By the results from Section 10.1 the associated equivariant homology theory is determined
on Γ-CW complexes by the restriction of the functor HZΓ to transitive Γ-sets. The
following result describes this functor explicitly.
We consider the following two functors Orb(Γ)→ Sp given by
S 7→ HZΓ(S) , S 7→ H(Γ,Z[S]) .
Proposition 7.8. For every transitive Γ-set S we have a natural equivalence
HZΓ(S) ' ΣH(Γ,Z[S])
of spectra.
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Proof. By definition we have a natural equivalence
HZΓ(S) ' HX Γ(O∞(M(U(S)))⊗ Yos(Γcan,min))
' HX Γ(O∞(Sdisc,max,max)⊗ Yos(Γcan,min)) .
By Proposition 9.35, O∞(Sdisc,max,max) ' ΣYos(Smin,max). This gives the equivalence
HZΓ(S) ' ΣHX Γ(Smin,max ⊗ Γcan,min) .
By Proposition 7.5 we have a natural equivalence HX Γ(Smin,max ⊗ Γcan,min) ' H(Γ,Z[S])
which finishes this proof.
7.3. Additional properties
Recall Definition 5.15 of continuity of an equivariant coarse homology theory.
Lemma 7.9. The equivariant coarse homology theory HX Γ is continuous.
Proof. Let X be a Γ-bornological coarse space and Y := (Yi)i∈I be a trapping exhaustion.
If c is a chain in CX Γn (X), then supp(c) is a Γ-invariant subset of Xn+1 which meets
every bounded subset of X in a finite set. For i in {0, . . . , n} let pi : Xn+1 → X be the
projection. Then we consider the Γ-invariant subset
F :=
n⋃
i=0
pi(supp(c)) .
Note that c belongs to the image of the map CX Γn (FX) → CX Γn (X) induced by the
inclusion of F into X.
Observe that F is locally finite. Hence there exists an index i in I such that F ⊆ Yi. We
conclude that
CX Γn (X) ∼= colim
i∈I
CX Γn (Yi) .
The argument above implies that we have an isomorphism of chain complexes
CX Γ(X) ∼= colim
i∈I
CX Γ(Yi) .
Since the Eilenberg–MacLane correspondence (7.1) preserves filtered colimits we conclude
that
HX Γ(X) ' colim
i∈I
HX Γ(Yi)
which was to be shown.
Recall Definition 4.19 of strongness of an equivariant coarse homology theory.
Lemma 7.10. The equivariant coarse homology theory HX Γ is strong.
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Proof. We can essentially repeat the proof of [BE16, Prop. 6.18].
Let f : X → X implement weak flasqueness of a Γ-bornological coarse space X. Then we
can define the chain map
S :=
∞∑
n=0
CX (fn) : CX (X)→ CX (X) .
We refer to [BE16, Prop. 6.18] for the verification that this map is well-defined. We then
have the identity of endomorphisms of CX Γ(X)
idCX (X) +CX (f) ◦ S = S .
Applying the Eilenberg–MacLane correspondence EM this gives
idHXΓ(X) +HX Γ(f) ◦ EM(S) = EM(S) .
Since we already know that HX Γ is a coarse homology theory we have the equivalence
HX Γ(f) ' idHXΓ(X). Hence we get idHXΓ(X) +EM(S) ' EM(S), and this implies that
we must have HX Γ(X) ' 0.
Recall the definition of the free union of a family of Γ-bornological coarse spaces which
was given in Example 2.16 and the Definition 3.12 of the notion of strong additivity for an
equivariant coarse homology theory.
Lemma 7.11. The equivariant coarse homology theory HX Γ is strongly additive.
Proof. Let (Xi)i∈I be a family of Γ-bornological coarse spaces. By inspection of the
definitions,
CX Γ
( free⊔
i∈I
Xi
) ∼= ∏
i∈I
CX Γ(Xi) .
We then use that the Eilenberg–MacLane correspondence (7.1) preserves products.
7.4. Change of groups
In this section we provide natural transformations which relate the equivariant coarse
homology theory with the change of group functors considered in Section 6.
Let ι : H → Γ be a homomorphism of groups. Let X be a Γ-bornological coarse space.
Since every Γ-invariant chain is H-invariant we have an inclusion
CX Γ(X) ↪→ CXH(ResΓHX) .
This gives a natural transformation between equivariant coarse homology theories
resΓH : HX Γ → HXH ◦ ResΓH . (7.4)
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We let the subset X ′ of X be a set of representatives of H-orbits in X. Then we have a
restriction map
r : CXn(X)→ ZX′×Xn , c 7→ c|X′×Xn .
We want to define a homomorphism
CX Γn (X)→ CXWΓ(H)n (QH(X)) (7.5)
by linear extension of the projection map X ′ × Xn → (H\X)n+1 composed with the
restriction r. We will argue now that this is well-defined, i.e., that the sums appearing in
this extension are finite. For x in X we denote by [x] its orbit in H\X. We consider a
point ([x0], . . . , [xn]) in (H\X)n+1. Then [x0] ∩X ′ consists of a unique point x0.
Let c be in CXn(X) and assume that c is U -controlled for some entourage U of X. Then
we have
supp(c) ∩ {x0} ×Xn ⊆ (U [x0])n+1 .
Since U [x0] is bounded the number of points of supp(c) which meet U [x0] is finite.
One checks that the homomorphism (7.5) does not depend on the choice of the set of
representatives X ′ and has values in WΓ(H)-invariant chains. Furthermore, it is compatible
with the differential and takes values in controlled and locally finite chains.
We therefore get a natural transformation
qH(ι) : HX Γ → HXWΓ(H) ◦QH(ι) . (7.6)
Recall from Section 6.5 that PΓˆ(X) = Γmin,min ⊗X with the action of Γ ×H given by
(γ, h)(γ′, x) = (γγ′ι(h)−1, hx). We define a morphism of chain complexes
CXHn → CX Γ×Hn (PΓˆ(X))
by linear extension of the map
(x0, . . . , xn) 7→
∑
γ′∈Γ
((γ′, x0), (γ′, x1), . . . , (γ′, xn)) .
In this way we get a transformation
pˆΓ : HXH → HX Γ×H ◦ PˆΓ . (7.7)
We finally get a natural transformation
indΓH ' qH(κ) ◦ pˆΓ : HXH → HX Γ ◦ IndΓH , (7.8)
where κ : H → Γ×H is the inclusion of the second factor.
Proposition 7.12. If ι : H → Γ is injective, then the transformation (7.8) is an equiva-
lence of H-equivariant coarse homology theories.
Proof. By Remark 6.4 the map X → Γ ×H X = IndΓH(X) given by x 7→ [1, x] is an
embedding of an H-invariant coarse component. Restriction along this map gives a map
of chain complexes CX Γ(IndΓH(X))→ CXH(X) which induces the inverse to (7.8).
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8. Equivariant coarse algebraic K-homology
In this section, we define for every additive category A with Γ-action its Γ-equivariant
coarse algebraic K-homology
KAX Γ : ΓBornCoarse→ Sp .
The construction associates to a Γ-bornological coarse space X an additive category of
equivariant X-controlled A-objects VΓA(X), and defines KAX Γ to be the (non-connective)
algebraic K-theory spectrum of this category.
8.1. The algebraic K-theory functor
We describe the properties of the K-theory functor that we will use subsequently. See
[BFJR04, Sec. 2.1] for similar statements. Let Add denote the 1-category of small additive
categories and exact functors. In the following, all additive categories will be small so that
we can omit this adjective safely.
The K-theory functor is a functor
K : Add→ Sp
which has the following properties (we will recall the occurring notions further below):
1. (Normalization) It sends (a skeleton of) the additive category of finitely generated
free modules over a ring R to the non-connective K-theory (see e.g. [Sch04]) of that
ring.
2. (Invariance) It sends isomorphic exact functors to equivalent maps.
3. (Colimits) If A = colimi Ai is a filtered colimit of additive subcategories, then the
natural map colimiK(Ai)
'−→ K(A) is an equivalence.
4. (Additivity) If Φ,Ψ: A→ A′ are exact functors between additive categories, then
we have an equivalence K(Φ) +K(Ψ) ' K(Φ⊕Ψ) of morphisms between K-theory
spectra.
5. (Exactness) If A is a Karoubi filtration of C, then we have a fiber sequence
K(A)→ K(C)→ K(C/A) ∂−→ K(A) .
6. (Products) If we have a family (Ai)i∈I of additive categories, then the natural map
K(
∏
i∈I Ai)→
∏
i∈I K(Ai) is an equivalence.
7. (Flasqueness) It sends flasque additive categories to zero.
50
Let us recall the definition of some notions appearing above.
A category is additive if admits a zero object and biproducts such that the operation
Hom(A,B)× Hom(A,B)→ Hom(A,B) which sends f, g to
f + g : A
∆−→ A⊕ A f⊕g−−→ B ⊕B id + id−−−→ B
defines an abelian group structure on morphism sets. In applications, it is useful to consider
the equivalent characterization of additive categories as categories which are enriched over
abelian groups, have a zero object and admit finite coproducts Lurie [Lur14, Sec. 1.1.2].
A morphism between additive categories is a functor between the underlying categories
which preserves the zero object and finite coproducts. Equivalently, one can require that
the functor is compatible with the enrichement in abelian groups, see Mac Lane [ML98,
Prop. VIII.2.4].
Given morphisms Φ,Ψ: A→ A′ between additive categories, we define a new morphism
Φ⊕Ψ: A→ A′ by choosing for every object A of A an object of A′ representing the sum
Φ(A)⊕Ψ(A). Since the sum of two functors is unique up to unique isomorphism, there is
an essentially unique map K(Φ⊕Ψ) by virtue of Property (2).
Definition 8.1. An additive category A is called flasque if there exists a functor Σ: A→ A
such that idA⊕Σ ∼= Σ. 
Note that Property (4) implies Property (7): Assume that A is flasque and that Σ: A→
A is a functor satisfying idA⊕Σ ∼= Σ. By Property 4 we then have an equivalence
K(Σ) + idK(A) ' K(Σ), which implies that K(A) ' 0.
Let A ⊆ C be a full additive subcategory. For C,D in C, let HomC(C,A, D) denote
the set of all morphisms in HomC(C,D) which factor through some object in A. Then
HomC(C,A, D) is a subgroup of HomC(C,D). We let C/A be the category with the same
objects as C and whose morphisms are given by
HomC/A(C,D) := HomC(C,D)/HomC(C,A, D) .
Note that C/A is again an additive category. It has the universal property that exact
functors on C/A correspond bijectively to exact functors on C which vanish on A.
Let C be an additive category.
Definition 8.2. The inclusion A ⊆ C of a full additive subcategory is a Karoubi filtration
if every diagram
A
f−→ C g−→ B
in C, where A,B are objects of A, admits an extension to a commutative diagram
A
f
//

C
g
//
∼=

B
D //
inc // D ⊕D⊥ pr // // D
OO
for some object D of A. 
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In [Kas15, Lem. 5.6] it is shown that Definition 8.2 is equivalent to the standard definition
of a Karoubi filtration as considered in [CP97].
An algebraic K-theory functor as described here can be furnished by restricting the K-
theory functor constructed by Schlichting [Sch06] to additive categories. For Property (1),
see [Sch06, Thms. 5 & 8]. Property (2) is so elementary that it is rarely stated explicitly,
but can be easily read off from the construction in [Sch06]. Property (3) is a combination
of [Qui73, Eq. (9)] and [Sch06, Cor. 5]. Property (4) follows from Property (5) (cf. also
[Wal85, Prop. 1.3.2]); the latter is proved in [Sch04, Thm. 2.10]. Property (6) is shown in
[KW17, Thm 1.2]; for connective K-theory, this is originally due to Carlsson [Car95].
8.2. X-controlled A-objects
Let X be a bornological coarse space with the bornology B and the coarse structure C,
and let A be an additive category with a (strict) Γ-action. The poset B is ordered by the
subset inclusion and will be regarded as a category. For a functor A : B → A we define
γA : B → A to be the functor sending a bounded set B to γ(A(γ−1(B))).
Definition 8.3. An equivariant X-controlled A-object is a pair (A, ρ) consisting of a
functor A : B → A and a family ρ = (ρ(γ))γ∈Γ of natural isomorphisms ρ(γ) : A → γA
satisfying the following conditions:
1. A(∅) ∼= 0.
2. For all B,B′ in B, the commutative square
A(B ∩B′) //

A(B)

A(B′) // A(B ∪B′)
is a push-out.
3. For all B in B, there exists a finite subset F of B such that the inclusion F ⊆ B
induces an isomorphism A(F )
∼=−→ A(B).
4. For all pairs of elements γ, γ′ of Γ we have ρ(γγ′) = γρ(γ′) ◦ ρ(γ), where γρ(γ′) is
the natural transformation from γA to γγ′A induced from ρ(γ′). 
Let (A, ρ) be an equivariant X-controlled A-object.
Lemma 8.4. 1. a) The canonical morphism⊕
x∈F
A({x})
∑
x∈F A({x}⊆F )−−−−−−−−−→ A(F )
is an isomorphism for every finite subset F of X.
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b) For two finite subsets F, F ′ of X with F ⊆ F ′ we have a commuting square
⊕
x∈F A({x})

∑
x∈F A({x}⊆F )
// A(F )
⊕
x∈F ′ A({x})
∑
x∈F ′ A({x}⊆F ′)
// A(F ′)
.
2. a) For a bounded subset B of X there exists a unique minimal finite subset FB of
B such that A(FB)→ A(B) is an isomorphism.
b) If B and FB are as in 2a, then for any subset B
′ of X with FB ⊆ B′ ⊆ B, the
morphisms A(FB)→ A(B′) and A(B′)→ A(B) are isomorphisms.
Proof. Item 1 is a direct consequence of Definition 8.3(1) and (2).
Suppose now that F, F ′ are two finite subsets of B as in Definition 8.3(3). Then we obtain
a push-out square
A(F ∩ F ′) //

A(F )
∼=

A(F ′)
∼= // A(B)
in which all arrows are inclusions of direct summands. It follows that A(F ∩ F ′)→ A(B)
is also an isomorphism. This implies the existence of FB.
For a bounded subset B′ with FB ⊆ B′ ⊆ B, inspection of a similar push-out square
implies that A(FB)→ A(B′) is an isomorphism, and the claim follows.
Let (A, ρ) be an equivariant X-controlled A-object.
Definition 8.5. The function σ which sends a bounded subset B of X to the finite subset
FB from Lemma 8.4 is called the support function of (A, ρ). 
The support function is an order preserving, equivariant function from B to the set of
finite subsets of X with the property that σ(σ(B)) = σ(B) for every bounded subset B.
Let (A, ρ), (A′, ρ′) be equivariant X-controlled A-objects and let U be an invariant en-
tourage of X.
Definition 8.6. An equivariant U-controlled morphism f : (A, ρ)→ (A′, ρ′) is a natural
transformation
f : A(−)→ A′(U [−]) ,
such that ρ′(γ) ◦ f = (γf) ◦ ρ(γ) for all elements γ of Γ. 
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We let MorU((A, ρ), (A
′, ρ′)) denote the set of equivariant U -controlled morphisms. Fur-
thermore, we define the set of controlled morphisms from A to A′ by
HomVΓA(X)((A, ρ), (A
′, ρ′)) := colim
U∈CΓ
MorU((A, ρ), (A
′, ρ′)) .
We denote the resulting category of equivariant X-controlled A-objects and equivariant
controlled morphisms by VΓA(X).
We observe that the composition of a U -controlled and a U ′-controlled morphism is a
U ◦ U ′-controlled morphism. We conclude that composition in VΓA(X) is well-defined.
Lemma 8.7. The category VΓA(X) is additive.
Proof. Let (A, ρ), (A′, ρ′) be equivariant X-controlled A-objects. Denote by A⊕ A′ their
direct sum in Fun(B,A). Note that (A⊕ A′, ρ⊕ ρ′) is an X-controlled A-object because
finite unions of bounded sets are bounded. Since finite unions of coarse entourage are
coarse entourages and there are canonical isomorphisms of Γ-sets
Nat(A⊕ A′, C ◦ U [−]) ∼= Nat(A,C ◦ U [−])× Nat(A′, C ◦ U [−])
and
Nat(C, (A⊕ A′) ◦ U [−]) ∼= Nat(C,A ◦ U [−])× Nat(C,A′ ◦ U [−])
(we use the symbol Nat to denote the morphism sets in Fun(B,A)) for all U in CΓ and
equivariant X-controlled A-objects C, it follows that (A⊕ A′, ρ⊕ ρ′) is also a direct sum
in VΓA(X).
Similarly, addition of morphisms in Fun(B,A) induces the addition operation of morphisms
in VΓA(X).
Next we discuss the functoriality of VΓA(X) in the variables X and A. For a Γ-equivariant
exact functor Φ: A → A′ of additive categories, there exists an induced exact functor
VΓΦ(X) : V
Γ
A(X)→ VΓA′(X) which sends an object (A, ρ) to (Φ ◦ A,Φ(ρ)). Therefore, we
have a functor
VΓ−(X) : Fun(BΓ,Add)→ Add .
Let φ : (X,B, C) → (X ′,B′, C ′) be a morphism of Γ-bornological coarse spaces, and let
(A, ρ) be an equivariant X-controlled A-object. Since φ is proper, we can define a functor
φ∗A : B′ → A by
φ∗A(B) := A(φ−1(B)) ,
and we define
φ∗ρ(γ)(B) = ρ(γ)(φ−1(B)) .
All properties of Definition 8.3 except (3) are immediate. To see that (3) also holds, we
note that σ(φ−1(B)) ⊆ φ−1(φ(σ(φ−1(B))) ⊆ φ−1(B) and apply Lemma 8.4 to see that
φ∗A(φ(σ(φ−1(B))))→ φ∗A(B) is an isomorphism.
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Let f : (A, ρ)→ (A′, ρ′) be an equivariant U -controlled morphism. Then there exists some
V in C ′,Γ such that (φ×φ)(U) ⊆ V . Then U [φ−1(B)] ⊆ φ−1(V [B]) for all bounded subsets
B of X, so we obtain an induced V -controlled morphism
φ∗f = {fφ−1(B) : φ∗A(B)→ φ∗A(V [B])}B∈B′ .
This defines a functor
φ∗ : VΓA(X)→ VΓA(X ′) .
We thus have constructed a functor
VΓA : ΓBornCoarse→ Add .
8.3. Coarse algebraic K-homology
Let Γ be a group and A be an additive category with a Γ-action.
Definition 8.8. We define the coarse algebraic K-homology KAX Γ associated to A as
KAX Γ := K ◦VΓA : ΓBornCoarse→ Sp . 
This section discusses the homological properties of KAX Γ. Our first goal is to prove the
following theorem.
Theorem 8.9. The functor KAX Γ is an equivariant coarse homology theory.
We divide the proof of Theorem 8.9 into a sequence of lemmas.
Lemma 8.10. The functor KAX Γ is u-continuous.
Proof. Let X be a Γ-bornological coarse space, and let U be an invariant entourage of X.
The natural map XU → X induces a functor ΦU : VΓA(XU )→ VΓA(X). Since the definition
of equivariant X-controlled A-objects is independent of the coarse structure, ΦU is the
identity on objects. Additionally, since inclusions of direct summands are monomorphisms,
ΦU is faithful.
This allows us to view VΓA(XU) as a subcategory of V
Γ
A(X), and we have
VΓA(X) =
⋃
U∈CΓ
VΓA(XU)
since every morphism in VΓA(X) is U -controlled for some U in CΓ.
Since the algebraic K-theory functor is compatible with filtered colimits (Property (3)),
the claim of the lemma follows.
Let φ, ψ : X → X ′ be morphisms of Γ-bornological coarse spaces.
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Lemma 8.11. If φ and ψ are close, then φ∗ and ψ∗ are isomorphic.
Proof. Let U ′ be a symmetric entourage of X ′ containing the diagonal such that (φ(x), ψ(x))
lies in U ′ for all x in X. Note that this implies φ−1(B′) ⊆ ψ−1(U ′[B′]) and ψ−1(B′) ⊆
φ−1(U ′[B′]) for all bounded subsets B′ of X ′.
Let (A, ρ) be an equivariant X-controlled A-object. The maps
A(φ−1(B′))→ A(ψ−1(U ′[B′]))
define a natural morphism f : φ∗A → ψ∗A, and similarly we have a natural morphism
g : ψ∗A→ φ∗A. Since the composition g ◦ f is given by the natural transformation
{A(φ−1(B′) ⊆ φ−1((U ′)2[B′])) : φ∗A→ φ∗A ◦ (U ′)2[−]}B′∈B′ ,
we have g ◦ f = idφ∗A. Similarly, f ◦ g = idψ∗A. It follows that φ∗ ∼= ψ∗.
Corollary 8.12. The functor KAX Γ is coarsely invariant.
Proof. This is a direct consequence of Lemma 8.11 together with the Property (2) of the
algebraic K-theory functor.
Lemma 8.13. The functor KAX Γ vanishes on flasque Γ-bornological coarse spaces.
Proof. Let X be a Γ-bornological coarse space with flasqueness implemented by φ : X → X.
We claim that the functor
Σ :=
⊕
n∈N
(φn)∗ : VΓA(X)→ VΓA(X)
is well-defined (up to canonical isomorphism).
For every bounded subset B of X, there exists some n in N such that (φn)−1(B) = ∅,
so the direct sum
⊕
n∈N(φ
n)∗A exists for every equivariant X-controlled object (A, ρ).
Let f : (A, ρ)→ (A′, ρ′) be a U -controlled morphism. Then ⊕n∈N(φn)∗f is V -controlled,
where V :=
⋃
n∈N(φ× φ)n(U) is again a coarse entourage of X by assumption on φ. So Σ
is an exact functor.
Since φ is close to idX , we conclude from Lemma 8.11 that φ∗ ◦ Σ and Σ are isomorphic.
Hence,
idVΓA(X)⊕Σ ∼= idVΓA(X)⊕(φ∗ ◦ Σ) ∼= Σ ,
and we deduce the lemma from Property (7) of the algebraic K-theory functor.
Let X be a Γ-bornological coarse space and Z a Γ-invariant subset of X. For an equivariant
X-controlled object (A, ρ), we denote by (A|Z , ρ|Z) the restriction to Z, that is A|Z is the
restriction of A to B ∩ Z and ρ|Z the appropriate restriction of ρ.
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Let X be a Γ-bornological coarse space and let Y = (Yi)i∈I be an equivariant big family in
X. For each i in I, the canonical exact functor VΓA(Yi)→ VΓA(X) is injective on objects
and fully faithful, so we can regard VΓA(Yi) as a full subcategory of V
Γ
A(X). Define
VΓA(Y) :=
⋃
i∈I
VΓA(Yi) ,
considered as a full subcategory of VΓA(X).
Lemma 8.14. The inclusion VΓA(Y)→ VΓA(X) is a Karoubi filtration.
Proof. Let (A, ρ), (A′, ρ′) be objects in VΓA(Y), (C, ρC) be an object in VΓA(X), and let
f : A → C and g : C → A′ be morphisms. Choose i in I such that both A and A′ are
objects in VΓA(Yi), and pick an invariant and symmetric entourage U which contains the
diagonal such that f and g are U -controlled. Let j in I be such that U [Yi] ⊆ Yj . Since f is
a natural transformation A→ C ◦U [−] and g|C|X\Yj = 0, the following diagram commutes:
A
f
//

C
∼=

g
// A′
C|Yj inc // C|Yj ⊕ C|X\Yj
pr
// C|Yj
OO
Hence, the inclusion VΓA(Y)→ VΓA(X) is a Karoubi filtration.
Proposition 8.15. The functor KAX Γ is excisive.
Proof. The category of ∅-controlled A-objects is the zero category, which has trivial
K-theory by Property (1).
Let X be a Γ-bornological coarse space, and let (Z,Y) be an equivariant complementary
pair on X. Both inclusions VΓA(Z ∩ Y) → VΓA(Z) and VΓA(Y) → VΓA(X) are Karoubi
filtrations by Lemma 8.14. Therefore, we obtain by Property (5) of the algebraic K-theory
functor a map of fiber sequences
K(VΓA(Z ∩ Y)) //

K(VΓA(Z))
//

K(VΓA(Z)/V
Γ
A(Z ∩ Y))

∂ // K(VΓA(Z ∩ Y))

K(VΓA(Y)) // K(VΓA(X)) // K(VΓA(X)/VΓA(Y)) ∂ // K(VΓA(Y))
Consider the induced exact functor Φ: VΓA(Z)/V
Γ
A(Z ∩ Y)→ VΓA(X)/VΓA(Y).
Let (A, ρ) in VΓA(X) and consider the natural morphisms f : (A|Z , ρ|Z) → (A, ρ) and
p : (A, ρ)→ (A|Z , ρ|Z). Clearly, pf = id(A|Z ,ρ|Z). Pick i in I such that X \ Z ⊆ Yi. Then
id(A,ρ)−fp factors through (A|Yi , ρ|Yi), so f and p define mutually inverse isomorphisms
in VΓA(X)/V
Γ
A(Y). We conclude that Φ ◦ Ψ ∼= idVΓA(X)/VΓA(Y), so Φ is an equivalence of
categories.
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It follows from Property (2) of the algebraic K-theory functor that
K(VΓA(Z ∩ Y)) //

K(VΓA(Z))

K(VΓA(Y)) // K(VΓA(X))
is a push-out. By Property (3) of algebraic K-theory we have K(VΓA(Y)) ' KAX Γ(Y).
This proves excision.
Remark 8.16. Let (X,B, C) be a Γ-bornological coarse space and let Y be a Γ-invariant
subspace of X with the property that U [Y ] = Y for every U in C. Then (Y,X \ Y ) is a
coarsely excisive pair. Inspecting the proof of Proposition 8.15, we obtain the following
commutative diagram:
0 //

K(VΓA(Y ))
' //

K(VΓA(Y ))
'

K(VΓA(X \ Y )) // K(VΓA(X)) // K(VΓA(X)/VΓA(X \ Y ))
In addition, we observe that an inverse to the right vertical equivalence is induced by the
functor Ψ which is given by Ψ(A, ρ) = (A|Y , ρ|Y ). Since this functor is already well-defined
as a functor Ψ: VΓA(X)→ VΓA(Y ), we see that the projection map
K(VΓA(X)) ' K(VΓA(X \ Y ))⊕K(VΓA(Y ))→ K(VΓA(Y ))
arising from excision coincides with K(Ψ). 
Theorem 8.9 follows now by combining Lemma 8.10, Corollary 8.12, Lemma 8.13 and
Proposition 8.15. In the remainder of this section, we establish some additional properties
of the equivariant coarse homology theory KAX Γ. For the next two propositions recall
the notions of continuity (Definition 5.15) and strongness (Definition 4.19).
Proposition 8.17. The equivariant coarse homology theory KAX Γ is continuous.
Proof. Let (A, ρ) be an equivariant X-controlled object. Set S := {x ∈ X | A({x})  0}.
By definition, we have S ∩B = σ(B), where σ is the support function of A. Hence, S is a
locally finite subset of X, so (A, ρ) lies in the full subcategory VΓA(S) of V
Γ
A(X). This
shows that VΓA(X) =
⋃
S⊆X locally finite V
Γ
A(S). By Property (3) of the algebraic K-theory
functor, it follows that KAX Γ is continuous.
Proposition 8.18. The equivariant coarse homology theory KAX Γ is strong.
Proof. Let X be a Γ-bornological coarse space with weak flasqueness implemented by
φ : X → X. As in the proof of Lemma 8.13, the functor Σ: VΓA(X)→ VΓA(X) given by
Σ :=
⊕
n∈N
(φn)∗
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is well-defined. By assumption, we have idKAXΓ(X) = KAX Γ(φ). Now apply Property (4)
of algebraic K-theory to deduce that
idKAXΓ(X) +K(Σ) ' idKAXΓ(X) +KAX Γ(φ) ◦K(Σ) ' K(idVΓA(X)⊕φ∗ ◦ Σ) ' K(Σ) ,
so idKAXΓ(X) ' 0.
Recall the definition of the free union of a family of Γ-bornological coarse spaces which
was given in Example 2.16 and Definition 3.12 of the notion of strong additivity for an
equivariant coarse homology theory.
Proposition 8.19. The equivariant coarse homology theory KAX Γ is strongly additive.
Proof. Let (Xi)i∈I be a family of Γ-bornological coarse spaces. The functors
Φj : V
Γ
A(
free⊔
i∈I
Xi)→ VΓA(Xj)
sending a
⊔free
i∈I Xi-controlled A-object (A, ρ) to (A|Xj , ρ|Xj ) for j in I assemble to a functor
Φ: VΓA(
free⊔
i∈I
Xi)→
∏
i∈I
VΓA(Xi) .
For j in I, let ιj : Xj →
⊔free
i∈I Xi denote the inclusion. We claim that the functor
Ψ:
∏
i∈I
VΓA(Xi)→ VΓA(
free⊔
i∈I
Xi)
which sends a sequence (Ai, ρi)i to
⊕
i∈I(ιi)∗(Ai, ρi) is well-defined (up to canonical
isomorphism). We only have to check that the direct sum exists. This follows from the
fact that for every bounded subset B of
⊔free
i∈I Xi the subset {i ∈ I |B ∩Xi 6= ∅} is finite,
and that B ∩Xi is bounded for all i in I.
Clearly, Ψ ◦ Φ is isomorphic to the identity. The composition Ψ ◦ Φ is also isomorphic to
the identity since (A, ρ) ∼= ⊕i∈I(A|Xi , ρ|Xi) for all objects (A, ρ).
Using Properties (2) and (6), we conclude that
K(VΓA(
free⊔
i∈I
Xi))
K(Φ)−−−→ K(
∏
i∈I
VΓA(Xi))
'−→
∏
i∈I
K(VΓA(Xi))
is an equivalence. Note that the j-th component of this equivalence is given by the map
K(Φj). Now apply Remark 8.16 to see that K(Φj) agrees with the projection map coming
from excision.
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8.4. Calculations
8.4.1. Examples of the form (Γ/H)min,min
Let H be a subgroup of Γ. Let A be an additive category with trivial Γ-action.
Lemma 8.20. We have an equivalence
KAX Γ((Γ/H)min,min) ' K(Fun(BH,A)) .
Proof. In view of the Property 2 of the K-theory functor it suffices to construct an
equivalence of additive categories
Φ: VΓA((Γ/H)min,min)→ Fun(BH,A) .
This functor sends an object (A, ρ) of VΓA((Γ/H)min,min) to the functor sending γ to
ρ(γ)({eH}) : A({eH})→ A({eH}).
Furthermore, the functor Φ sends a morphism
f : (A, ρ)→ (A′, ρ′)
in VΓA((Γ/H)min,min) to the transformation f({eH}) : A({eH})→ A′({eH}).
In order to define an inverse functor we choose a section s : G/H → G of the projection
G→ G/H. Then
Ψ: Fun(BH,A)→ VΓA((Γ/H)min,min)
sends a functor F : BH → A to the following object (A, ρ) of VΓA((Γ/H)min,min): we
choose A(B) =
⊕
b∈B F (∗) and ρ is defined on an element γ of Γ such that ρ(γ)(B) is
the morphism
⊕
b∈B F (∗)→
⊕
b∈γ−1(B) F (∗) sending the summand with index b = gH to
the summand with index γ−1gH via F (h), where h is the element of H which is uniquely
determined by the equation γ−1s(gH) = s(γ−1gH)h.
It is an easy exercise to construct the isomorphisms from the compositions Ψ ◦ Φ and
Φ ◦Ψ to the respective identity functors.
8.4.2. Examples of the form Xmin,max ⊗ Γcan,min
We consider the group Γ as a Γ-bornological coarse space Γcan,min. In applications of
coarse homotopy theory to proofs of the Farrell–Jones conjecture the coarse algebraic
K-homology KAX Γ twisted by Yos(Γcan,min) plays an important role. Therefore it is
relevant to calculate the spectra
KAX ΓYos(Γcan,min)((Γ/H)min,max) ' KAX Γ((Γ/H)min,max ⊗ Γcan,min) .
More generally, we will replace Γ/H by any Γ-set X.
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Definition 8.21 ([BR07, Def. 2.1]). Let A be an additive category with a Γ-action and let
X be a Γ-set. We define a new additive category denoted A∗ΓX as follows. An object A in
A∗ΓX is a family A = (Ax)x∈X of objects in A where we require that {x ∈ X | Ax 6= 0} is
a finite set. A morphism φ : A→ B is a collection of morphisms φ = (φx,g)(x,g)∈X×Γ, where
φx,g : Ax → g(Bg−1x) is a morphism in A. We require that the set of pairs (x, g) in X × Γ
with φx,g 6= 0 is finite. Addition of morphisms is defined componentwise. Composition of
morphisms is defined as the convolution product. 
Remark 8.22. In [BR07, Def. 2.1] additive categories with right Γ-action are used. For
us it is more convenient to consider left Γ-actions. 
Let H be a subgroup of Γ.
Definition 8.23. We will denote A ∗Γ (Γ/H) by A[H]. 
If A is the category of finitely generated, free R-modules for some ring R, then A[H] is
equivalent to the category of finitely generated, free R[H]-modules.
The following calculation closely follows Bartels–Farrell–Jones–Reich [BFJR04, Sec. 6.1
and Proof of Prop. 6.2].
Proposition 8.24. For every Γ-set X we have an equivalence
VΓA(Xmin,max ⊗ Γcan,min) ' A ∗Γ X .
Proof. The desired equivalence is given by an exact functor
Φ: VΓA(Xmin,max ⊗ Γcan,min)→ A ∗Γ X .
We define Φ as follows:
1. For an object (A, ρ) in VΓA(Xmin,max ⊗ Γcan,min), we define Φ(A, ρ)x as A({(x, 1)}).
2. For a morphism f : (A, ρ)→ (A′, ρ′) we define Φ(f)x,g as the composition
A({x, 1}) f−→ A′({x} × F ) pg−→ A′({x, g}) ρ
′(g)−−→ gA′({g−1x, 1}) ,
where F is a finite subset of Γ containing g and pg is the projection arising from the
identification
⊕
f∈F A({x, f})
∼=−→ A({x} × F ).
Note that Φ(f)x,g is independent of the choice of F .
We will first show that Φ is fully faithful. A morphism f : (A, ρ)→ (A′, ρ′) is determined by
its values on A({x, 1}) by equivariance. Since Xmin,max has the minimal coarse structure,
the family (Φ(f)x,g)(x,g)∈X×Γ determines f . Hence Φ is faithful.
Since the Γ-action on Xmin,max ⊗ Γcan,min is free, for every finite subset F of Γ and every
family of morphisms A({x, 1}) → A′({x} × F ) indexed by points x in X there exists a
unique equivariant extension to a morphism f : (A, ρ)→ (A, ρ′). Let φ : Φ(A, ρ)→ Φ(A′, ρ′)
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be any morphism in A ∗Γ X. Let F := {g ∈ Γ | ∃x ∈ X : φg,x 6= 0}, then F is a finite
subset of Γ. The family of morphisms(
(A({x, 1})
⊕
g∈F
ρ′
g−1◦φx,g
−−−−−−−−→
⊕
g∈F
A′({x, g}) ∼=−→ A′({x} × F )
)
x∈X
extends to a morphism f : (A, ρ) → (A′, ρ′) with Φ(f) = φ. This shows that Φ is fully
faithful.
We now show that Φ is essentially surjective. Every finitely supported family (Ax)x∈X of
objects of A extends essentially uniquely to an equivariant object (A, ρ) with A({x, 1}) =
Ax for all x in X. This uses the choice of finite sums of the objects Ax.
Let X be a Γ-set.
Corollary 8.25. We have an equivalence
KAX Γ(Xmin,max ⊗ Γcan,min) ' K(A ∗Γ X) .
8.4.3. Examples of the form (Γ/H)min,min ⊗ Γ?,max.
Let H be a subgroup of Γ and let A be an additive category with Γ-action.
Lemma 8.26. If H is finite, then
KAX Γ((Γ/H)min,min ⊗ Γmax,max) ' KAX Γ((Γ/H)min,min ⊗ Γcan,max) ' K(A[H]) .
Otherwise
KAX Γ((Γ/H)min,min ⊗ Γmax,max) ' KAX Γ((Γ/H)min,min ⊗ Γcan,max) ' 0 .
Proof. We argue similarly as in the proof of Proposition 8.24 for X = (Γ/H)min,min. If H
is finite, then the set F appearing in the proof is still finite, but for a different reason.
If H is infinite, then there are no non-trivial Γ-invariant (Γ/H)min,min ⊗ Γ?,max controlled
modules (this does not depend on the coarse structures).
8.5. Change of groups
Let H be a subgroup of Γ.
Theorem 8.27. There is an equivalence of H-equivariant coarse homology theories
indΓH : KAXH '−→ KAX Γ ◦ IndΓH .
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In the proof we will construct a equivalence in the other direction. We state the theorem
in this form since this is the more common direction.
Proof. Let (X,B, C) be a bornological coarse space. Recall from the Remark 6.4 that the
bornological coarse space IndΓH X is given by the set Γ×H X with bornology generated by
the subsets {g}×B for B in B and coarse structure generated by the entourages diagΓ×U
for U in C.
Note that H ×H X ' X is an H-invariant coarse component of IndΓH X. Hence, restricting
an object (A, ρ) of VΓA(Ind
Γ
H X) to (A|X , ρX) yields a functor
VΓA(Ind
Γ
H X)→ VHA(X) .
Similarly to the proof of Lemma 8.20, one checks that this functor is an equivalence.
Let H be a subgroup of Γ. Sending a Γ-equivariant X-controlled object (A, ρ) to the
object (A, {ρ(h)}h∈H) yields a natural transformation
resΓH : KAX Γ → KAXH ◦ ResΓH . (8.1)
8.6. Variations on the definition
Let again A be an additive category with a Γ-action and (X,B, C) be a Γ-bornological
coarse space. Intuitively, an equivariant X-controlled A-object (A, ρ) is some (infinite) sum
of objects in A parametrized by points in X together with an action of Γ. One may want
to keep track of the “global” object associated to an X-controlled object explicitly. The
purpose of this section is to give an alternative definition of VΓA(X) which accomplishes
precisely this, and discuss a variation of this definition which leads to an example of a
non-continuous coarse homology theory.
Since an equivariant X-controlled A-object usually involves an infinite number of objects
in A, we need to enlarge our coefficient category appropriately. Therefore, let A→ Â be a
fully faithful and Γ-equivariant embedding of A into an additive category Â with Γ-action
which admits sufficiently large direct sums. The sum completion of A is a canonical choice
for Â.
For an object A in Â, let Π(A) denote the set of idempotents on A whose image splits off
as a direct sum and is isomorphic to an object in A.
Definition 8.28. A global equivariant X-controlled A-object is a triple (A, φ, ρ) consisting
of
1. an object A in Â;
2. a function φ : B → Π(A);
3. a morphism ρ(γ) : A→ γA for every element γ in Γ;
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such that the following conditions are satisfied:
1. The function φ satisfies the following relations:
a) φ(∅) = 0;
b) φ(B1 ∪B2) = φ(B1) + φ(B2)− φ(B1 ∩B2);
c) φ(B1 ∩B2) = φ(B1) ◦ φ(B2).
2. For every bounded subset B of X, there exists some finite subset F of B such that
φ(B) = φ(F ).
3. For all pairs of elements γ, γ′ in Γ, we have ρ(γ′γ) = γρ(γ′) ◦ ρ(γ).
4. For all elements γ of Γ and bounded subsets B of X, we have the equality
φ(γ−1B) = ρ(γ)−1 ◦ γφ(B) ◦ ρ(γ) . 
In contrast to the data specifying an equivariant X-controlled object, this definition does
not fix a chosen image for each of the idempotents φ(B).
Definition 8.29. A morphism f : (A, φ, ρ)→ (A′, φ′, ρ′) of global equivariant X-controlled
A-objects is a morphism f : A→ A′ in Â satisfying the following conditions:
1. f is equivariant in the sense that (γf) ◦ ρ(γ) = ρ′(γ) ◦ f ;
2. f is controlled in the sense that the set⋂
{U ⊆ X ×X | ∀ B,B′ ∈ B : U [B] ∩B′ = ∅ ⇒ φ′(B′)fφ(B) = 0}
is an entourage of X. 
Morphisms of global equivariant X-controlled A-objects can be composed. We denote the
resulting category by VΓ
A⊆Â(X). Similar to the discussion in Section 8.2, one shows that
VΓ
A⊆Â(X) is additive. If f : X → X ′ is a morphism of Γ-bornological coarse spaces, then
we define a functor
f∗ : VΓA⊆Â(X)→ VΓA⊆Â(X ′)
which sends (A, φ, ρ) to (A, f∗φ, ρ), were f∗φ(B′) := φ(f−1(B′)) for all B′ in B′. Fur-
thermore, the construction is functorial with respect to commutative squares of additive
functors
A //
Φ

Â
Φ̂

A′ // Â′
in which the horizontal arrows are fully faithful and Γ-equivariant embeddings.
We have already indicated how objects in VΓA(X) correspond to objects in V
Γ
A⊆Â(X)
and vice versa, namely by summing up all values of an equivariant X-controlled object
and choosing images of idempotents, respectively. In fact, it is not difficult to show the
following.
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Proposition 8.30. There is a zig-zag of equivalence between the functors VΓA and V
Γ
A⊆Â
from ΓBornCoarse to Add.
Example 8.31. We now provide a modification of the definition of VΓ
A⊆Â which leads to
a non-continuous coarse homology theory.
Let (A, φ, ρ) be a global equivariant X-controlled A-object. Condition (2) implies, in
the presence of Condition (1), that the object (A, φ) is essentially determined by its
restriction to the poset of finite subsets of X, and that the support of (A, φ), i.e. the set
{x ∈ X | φ({x} 6= 0}, is a locally finite subset of X.
Dropping Condition (2), we obtain another additive category VΓA,Ψ(X) which is also
functorial in Γ-bornological coarse spaces. Taking non-connective algebraic K-theory of
this category also gives rise to an equivariant coarse homology theory KAX ΓΨ since the
proofs of Lemma 8.10, Lemma 8.11, Lemma 8.13 and Proposition 8.15 go through without
change. However, the proof of continuity (Proposition 8.17) does not apply to KAX ΓΨ
since the condition ensuring that the support of an object is locally finite has been omitted.
In fact, the following example shows that the coarse homology theory KAXΨ is not
continuous: Suppose that there exists an object A in A whose class in K0 is non-trivial.
Consider the bornological coarse space Nmin,max. Choose an ultrafilter F on N and define
the function φ : P(N)→ Π(A) by
φ(B) :=
{
idA B ∈ F ,
0 B /∈ F .
Then (A, φ) is a global Nmin,max-controlled A-object since F is an ultrafilter. Moreover,
the morphism of bornological coarse spaces Nmin,max → ∗ induces a homomorphism
pi0KAXΨ(Nmin,max)→ pi0KAXΨ(∗) ∼= K0(A)
which maps the class [(A, φ)] to [A] 6= 0.
On the other hand, locally finite subsets of Nmin,max are precisely the finite subsets of N.
Since each finite subset F is a union of coarse components of Nmin,max, the pair of subsets
(F,N \ F ) is a complementary pair. From excision, we obtain a direct sum decomposition
KAXΨ(Nmin,max) ' KAXΨ(Fmin,max)⊕KAXΨ((N \ F )min,max) ,
in which the projection KAXΨ(Nmin,max)→ KAXΨ(Fmin,max) is induced by the functor
restricting Nmin,max-controlled objects to F (cf. Remark 8.16). Since the restriction of
(A, φ) to any finite subset of N is the zero object, we conclude that the class [(A, φ)] does
not lie in the image of the comparison map
colim
F⊆N finite
pi0KAXΨ(Fmin,max)→ pi0KAXΨ(Nmin,max) .
In particular, KAXΨ is not continuous. 
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Part III.
Cones and assembly maps
9. Cones
In this section we will introduce the cone and the ‘cone at infinity’ functors, and discuss
their properties. The cone at infinity is later used in Section 10.3 to define the universal
assembly map, and in Section 10.4 to transform coarse homology theories into topological
homology theories. In conjunction with the Rips complex construction the cone at infinity
will be used in Section 11.3 to construct the universal coarse assembly map.
The first three Sections 9.1–9.3 are technical preparations. The cone functor is then defined
and discussed in Section 9.4 and Section 9.5.
9.1. Γ-uniform bornological coarse spaces
In this section we introduce the category ΓUBC of Γ-uniform bornological coarse spaces.
Its objects are Γ-bornological coarse spaces with an additional Γ-uniform structure. The
additional datum of a Γ-uniform structure is needed in order to define hybrid structures,
see Section 9.2.
We start with recalling some basics on uniform spaces. Let X be a set and T be a subset
of P(X ×X), the power set of X ×X.
Definition 9.1. The set T is a uniform structure if it is non-empty, closed under compo-
sition, inversion, supersets, finite intersection, every element of T contains the diagonal of
X, and if for every U in T there exists V in T such that V ◦ V ⊆ U . 
Remark 9.2. Note that any subset S of P(X ×X) with the property that for every U in
S there exists V in X such that V ◦ V ⊆ U generates a uniform structure on X by taking
the closure of S under composition, inversion, supersets and finite intersection. 
The elements of T are called uniform entourages. We will consider T as a filtered partially
ordered set whose order relation is the opposite of the inclusion relation.
Definition 9.3. A uniform space is a pair (X, T ) of a set X together with a uniform
structure T . 
Let (X, T ) and (X ′, T ′) be uniform spaces and f : X → X ′ be a map of sets.
Definition 9.4. The map f is called a uniform map if for every uniform entourage U ′ of
X ′ we have (f × f)−1(U ′) ∈ T . 
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If a group Γ acts on a uniform space (X, T ), then it acts on the set of uniform entourages T .
We let T Γ denote the subset of T of Γ-invariant uniform entourages.
Definition 9.5. A Γ-uniform space is a uniform space (X, T ) with an action of Γ by
automorphisms such that T Γ is cofinal in T . 
A uniform structure T on a Γ-set X such that X is a Γ-uniform space will be called a
Γ-uniform structure.
Example 9.6. The uniform structure Td of a metric space (X, d) is generated by the
uniform entourages
Ur := {(x, y) ∈ X ×X | d(x, y) ≤ r} (9.1)
for all r in (0,∞).
If Γ acts isometrically on a metric space (X, d), then the associated uniform space
Xu,d := (X, Td) is a Γ-uniform space.
If the metric is implicitly clear, then we will also write Xu instead of Xu,d.
A uniformly continuous map between metric spaces induces a uniform map between the
associated uniform spaces.
The standard metric turns R into a uniform space Ru. The action of Z on R by dilatations
(n, x) 7→ 2nx is an action on Ru by automorphisms of uniform spaces, but Ru is not a
Z-uniform space. 
Let ΓU be the category of Γ-uniform spaces and uniform equivariant maps.
Example 9.7. Let K be a simplicial complex with a simplicial Γ-action. On K we consider
the path quasi-metric induced by the spherical metric on the simplices. This quasi-metric
is preserved by Γ and the associated uniform structure is a Γ-uniform structure. Therefore
a simplicial complex with a simplicial Γ-action gives rise to a Γ-uniform space Ku.
If K → K ′ is an equivariant simplicial map, then it is a uniform map Ku → K ′u between
the Γ-uniform spaces. 
We now consider the combination of uniform and bornological coarse structures. We
consider a Γ-set X with a Γ-coarse structure C and a Γ-uniform structure T .
Definition 9.8. We say that C and T are compatible if CΓ ∩ T Γ 6= ∅. 
In words, the coarse and the uniform structures are compatible if there exists an invariant
entourage which is both a coarse entourage and a uniform entourage.
Definition 9.9. We define the category ΓUBC of Γ-uniform bornological coarse spaces
as follows:
1. The objects of ΓUBC are Γ-bornological coarse spaces with an additional compatible
Γ-uniform structure.
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2. The morphisms of ΓUBC are morphisms of Γ-bornological coarse spaces which are
in addition uniform. 
Example 9.10. Let (X, d) be a quasi-metric space with an action of Γ by isometries and
a Γ-invariant bornology B. Assume that the metric and the bornology are compatible in
the sense that for every r in (0,∞) and B in B we have Ur[B] ∈ B, where Ur is as in (9.1).
Then we get a Γ-uniform bornological coarse space Xdu with the following structures:
1. The coarse structure is generated by the coarse entourages Ur for all r in (0,∞).
2. The uniform structure is generated by the uniform entourages Ur for all r in (0,∞).
3. The bornology is B.
If (X ′, d′) is a second quasi-metric space with isometric Γ-action and f : X → X ′ is a
proper (this refers to the bornologies), Γ-equivariant contraction, then f : Xdu → X ′du is a
morphism of Γ-uniform bornological coarse spaces. 
Example 9.11. Let K be a Γ-simplicial complex equipped with the spherical quasi-metric.
Then we can equip K with the bornology of metrically bounded subsets and obtain a
Γ-uniform bornological coarse space Kdu. Alternatively we can equip it with the maximal
bornology and get the Γ-uniform bornological coarse space Kdu,max.
A morphism of Γ-simplicial complexes f : K → K ′ always induces the two morphisms
f : Kdu,max → K ′du,max and Kdu,max → K ′du of Γ-uniform bornological coarse spaces. If f is
proper (in the sense that preimages of simplices are finite complexes), then it also induces
a morphism f : Kdu → K ′du. 
Example 9.12. For a Γ-uniform bornological coarse space X let FT (X) denote the
underlying Γ-bornological coarse space obtained by forgetting the datum of the uniform
structure. Let X and Y be Γ-uniform bornological coarse spaces. Then we define the
Γ-uniform bornological coarse space X ⊗ Y such that FT (X ⊗ Y ) = FT (X)⊗ FT (Y ) and
the Γ-uniform structure on X ⊗ Y is generated by the products U × V for all pairs of
uniform entourages U of X and V of Y . 
9.2. Hybrid structures
In this section we will define hybrid coarse structures, which will feature in the definition
of cones in Section 9.4.
We consider a Γ-uniform bornological coarse space X with coarse structure C, bornology B,
and uniform structure T . Let furthermore a Γ-invariant big family Y = (Yi)i∈I be given.
Definition 9.13. The pair (X,Y) is called hybrid data. 
In this situation we can define the hybrid coarse structure Ch as follows.
Note that P(X ×X)Γ is a filtered poset with the opposite of the inclusion relation. We
consider a function φ : I → P(X ×X)Γ, i.e., an order-preserving map.
68
Definition 9.14. The function φ is called T Γ-admissible, if for every U in T Γ there exists
i in I such that φ(i) ⊆ U . 
Given a T Γ-admissible function φ : I → P(X ×X)Γ we define the entourage
Uφ :=
{
(x, y) ∈ X ×X | (∀i ∈ I | (x, y) ∈ Yi × Yi or (x, y) ∈ φ(i))} .
Note that Uφ is Γ-invariant.
Definition 9.15. The hybrid coarse structure Ch is the coarse structure generated by the
entourages U ∩ Uφ for all U in CΓ and T Γ-admissible functions φ : I → P(X ×X)Γ. 
Definition 9.16. The hybrid space Xh is defined to be the Γ-bornological coarse space
with underlying set X, the hybrid coarse structure Ch and the bornological structure B. 
A morphism of hybrid data f : (X,Y)→ (X ′,Y ′) is a morphism of Γ-uniform bornological
coarse spaces which is compatible with the big families Y = (Yi)i∈I and Y ′ = (Y ′i′)i′∈I′ in
the sense that for every i in I there exists i′ in I ′ such that f(Yi) ⊆ Y ′i′ .
Lemma 9.17. If f is a morphism of hybrid data, then the underlying map of sets is a
morphism f : Xh → X ′h of Γ-bornological coarse spaces.
Proof. [BE16, Lem. 5.15].
Remark 9.18. One could set up a category of hybrid data and understand the construction
of the hybrid structure as a functor from hybrid data to Γ-bornological coarse spaces. 
9.3. Decomposition Theorem and Homotopy Theorem
In this section we discuss the Decomposition Theorem and the Homotopy Theorem for
hybrid coarse structures. These two theorems constitute important technical results which
are needed to prove crucial properties of the cone functor in Section 9.5.
Let A,B be Γ-invariant subsets of a Γ-uniform space Y with uniform structure T . For an
entourage U of Y we set
T Γ⊆U := {V ∈ T Γ | V ⊆ U} .
Definition 9.19. The pair (A,B) is an equivariant uniform decomposition if
1. Y = A ∪B, and
2. there is an invariant uniform entourage U of Y and a function
s : P(Y × Y )Γ⊆U → P(Y × Y )Γ
such that for every W in P(Y × Y )Γ⊆U we have the inclusion
W [A] ∩W [B] ⊆ s(W )[A ∩B]
and the restriction s|T Γ⊆U is T Γ-admissible. 
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According to Definition 9.14, the function s|T Γ⊆U is T Γ-admissible if for every entourage V
in T Γ there is an entourage W in T Γ⊆U such that s(W ) ⊆ V .
Example 9.20. Assume that K is a Γ-simplicial complex, and A and B are Γ-invariant
subcomplexes such that K = A∪B. Then (A,B) is an equivariant uniform decomposition
of Ku. This follows from [BE16, Ex. 5.19]. 
Let Y be a Γ-uniform bornological coarse space with an invariant big family Y = (Yi)i∈I .
We further assume that (A,B) is an equivariant uniform decomposition of Y . We let Yh
denote the associated bornological coarse space with the hybrid structure.
We write Ah for the Γ-bornological coarse space obtained from the Γ-uniform bornological
coarse structure on A induced from Y by first restricting the hybrid data to A and then
forming the hybrid structure. By AYh we denote the Γ-bornological coarse space obtained
by restricting the structures of Yh to the subset A. It was shown in [BE16, Lem. 5.17] that
Ah = AYh .
Definition 9.21. A Γ-uniform space (Y, T ) is called Hausdorff, if ⋂U∈T U = diagY . 
Theorem 9.22. (Decomposition Theorem) If I = N and Y is Hausdorff, then the following
square in ΓSpX is cocartesian:
Yos((A ∩B)h, A ∩B ∩ Y) //

Yos(Ah, A ∩ Y)

Yos(Bh, B ∩ Y) // Yos(Yh,Y)
(9.2)
Proof. The proof of [BE16, Thm. 5.20] goes through word-for-word. One just works with
invariant entourages or invariant uniform neighbourhoods everywhere.
We consider a Γ-uniform bornological coarse space Y with an invariant big family Y =
(Yn)n∈N. We consider the unit interval [0, 1] with the trivial Γ-action as a Γ-uniform
bornological coarse space [0, 1]du with the structures induced from the metric. On the
tensor product [0, 1]du ⊗ Y (Example 9.12) we consider the big family ([0, 1]× Yn)n∈N. Let
B denote the bornology of Y .
Theorem 9.23 (Homotopy Theorem). Assume that for every B in B there exists n in N
such that B ⊆ Yn. Then the projection induces an equivalence
Yos(([0, 1]du ⊗ Y )h)→ Yos(Yh) .
Proof. The proof of [BE16, Thm. 5.25] goes through in the present equivariant case.
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9.4. The cone functor
In this section we define the cone functor
O : ΓUBC→ ΓBornCoarse (9.3)
and prove that decompositions of the spaces which are simultaneously uniformly and
coarsely excisive lead to corresponding coarsely excisive decompositions of the cones.
We consider the metric space [0,∞) with the metric induced from the inclusion into R
and the trivial Γ-action. We get a Γ-uniform bornological coarse space [0,∞)du. For a
Γ-uniform bornological coarse space Y we form the Γ-uniform bornological coarse space
[0,∞)du ⊗ Y
(Example 9.12). This Γ-uniform bornological coarse space has a canonical big family given
by
Y(Y ) := ([0, n]× Y )n∈N . (9.4)
A morphism f : Y → Y ′ of Γ-uniform bornological coarse spaces induces a morphism of
hybrid data
([0,∞)du ⊗ Y,Y(Y ))→ ([0,∞)du ⊗ Y ′,Y(Y ′))
given by the map id[0,∞)×f on the underlying sets.
Definition 9.24. The cone functor (9.3) is defined such that it sends the Γ-uniform
bornological coarse space Y to the Γ-bornological coarse space
O(Y ) := ([0,∞)du ⊗ Y )h
and a morphism f : Y → Y ′ of Γ-uniform bornological coarse spaces to the morphism
O(f) : O(Y )→ O(Y ′)
of Γ-bornological coarse spaces given by the map id[0,∞)×f of the underlying sets. 
Example 9.25. If the Γ-uniform bornological coarse space Y is discrete as a uniform and
as a coarse space, then O(Y ) is flasque: Flasqueness of O(Y ) can be implemented by the
map (t, y) 7→ (t+ 1
t+1
, y).
If the uniform structure of Y is discrete, but the coarse structure of Y is strictly larger
than the discrete one, then the above morphism f does not implement flasqueness of O(Y ),
because Condition 2 in Definition 3.8 is violated. 
Let X and Y be Γ-uniform bornological coarse spaces. Recall that FT is the functor from
Γ-uniform bornological coarse spaces to Γ-bornological coarse spaces which forgets the
uniform structure.
Lemma 9.26. If Y is discrete as a coarse space, then
O(X)⊗ FT (Y ) ∼= O(X ⊗ Y ) .
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Proof. Immediate from the definitions.
Let Y be a Γ-uniform bornological coarse space with coarse and uniform structures C, T ,
and let A,B be Γ-invariant subsets of Y .
Lemma 9.27. If (A,B) is an equivariant uniform (Definition 9.19) and coarsely excisive
decomposition of Y , then
([0,∞)× A, [0,∞)×B)
is a coarsely excisive pair on O(Y ).
Proof. We have ([0,∞)× A) ∪ ([0,∞)×B) = [0,∞)× Y .
Let s and U be as in Definition 9.19, let φ : N→ P(Y × Y )Γ be a T Γ-admissible function
and let κ : [0,∞)→ [0,∞) be monotoneously decreasing such that limu→∞ κ(u) = 0. The
pair ψ := (φ, κ) determines the invariant entourage
Uψ := {((a, x), (b, y)) ∈ ([0,∞)×Y )×2 | |a−b| ≤ κ(max{a, b})&(x, y) ∈ φ(dae)∩φ(dbe)} .
For W in CΓ and r in (0,∞) we consider the entourage Wr := Ur×W of [0,∞)d⊗Y . The
entourages of the form Uψ ∩Wr for all ψ as above, r in (0,∞) and W in CΓ are cofinal in
the hybrid coarse structure of O(Y ).
We now fix ψ, W and r as above. We must show that there exist r′ in (0,∞), W ′ in CΓ,
and ψ′ such that
(Uψ ∩Wr)[[0,∞)× A] ∩ (Uψ ∩Wr)[[0,∞)×B] ⊆ (Uψ′ ∩W ′r′)[[0,∞)× (A ∩B)] . (9.5)
Using coarse excisiveness of (A,B) we can choose an invariant entourage W ′ of X such
that W [A] ∩W [B] ⊆ W ′[A ∩B]. We further set r′ := r. Then
Wr[[0,∞)× A] ∩Wr[[0,∞)×B] ⊆ W ′r[[0,∞)× (A ∩B)]. (9.6)
By T Γ-admissibility of φ there is u0 in N such that φ(u) ⊆ U for all u in N with u ≥ u0.
We define
φ′ : N→ P(Y × Y )Γ , φ′(u) :=
{
W ′ u < u0
s(φ(u)) u ≥ u0
Then φ′ is T Γ-admissible. We further set ψ′ := (φ′, κ). We claim that
(Uψ ∩Wr)[[0,∞)× A] ∩ (Uψ ∩Wr)[[0,∞)×B] ⊆ Uψ′ [[0,∞)× (A ∩B)] . (9.7)
Consider a point (u, z) in (Uψ ∩Wr)[[0,∞)×A]∩ (Uψ ∩Wr)[[0,∞)×B]. Then there exists
(a, x) in [0,∞)× A such that we have
|a− u| ≤ κ(max{a, u}) and (z, x) ∈ φ(due) ∩ φ(dae) ,
and there exist (b, y) in [0,∞)×B such that
|b− u| ≤ κ(max{b, u}) and (z, y) ∈ φ(due) ∩ φ(dbe) .
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In particular, we have z ∈ (φ(due) ∩W )[A] ∩ (φ(due) ∩W )[B]. If u ≥ u0, then we have
z ∈ φ′(due)[A ∩ B] by the corresponding property of s (see Definition 9.19). Let w in
A∩B be such that we have (z, w) ∈ φ′(due). Then ((u, z), (u,w)) ∈ Uψ′ [[0,∞)× (A∩B)].
If u < u0, then again ((u, z), (u,w)) ∈ Uψ′ [[0,∞)× (A ∩B)] because of the choice of W ′.
The relations (9.6) and (9.7) together imply (9.5).
Remark 9.28. In the above proof, in contrast to the general Decomposition Theorem 9.22
for hybrid structures, we do not use that Y is Hausdorff. 
9.5. The cone at infinity
In this section we will define the “cone at infinity” functor. It fits into the cone fiber
sequence. We discuss invariance under coarsenings and calculate it for discrete spaces.
Furthermore, we show that the “cone at infinity” is excisive and homotopy invariant.
If Y is a Γ-uniform bornological coarse space Y , then O(Y ) has a canonical big family
Y(Y ) given by (9.4). Recall the notation (4.8).
Definition 9.29. We define the functor
O∞ : ΓUBC→ ΓSpX
by
O∞(Y ) := Yos(O(Y ),Y(Y )) . 
Recall that FT is the functor from Γ-uniform bornological coarse spaces to Γ-bornological
coarse spaces which forgets the uniform structure. For n in N let ([0, n]× Y )O(Y ) denote
the Γ-bornological coarse space given by the subset [0, n]× Y of O(Y ) with the induced
structures. The inclusion
FT (Y )→ ([0, n]× Y )O(Y ) , y 7→ (0, y)
is an equivalence of Γ-bornological coarse spaces for every integer n. Hence we have an
equivalence
Yos(Y ) ' Yos(Y(Y )O(Y )) .
Corollary 9.30. For every Γ-uniform bornological coarse space Y we have a natural fiber
sequence
Yos(FT (Y ))→ Yos(O(Y ))→ O∞(Y ) ∂−→ ΣYos(FT (Y )) (9.8)
in ΓSpX .
Proof. The fiber sequence is associated to the pair (O(Y ),Y(Y )), see Corollary 4.11.1.
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Let Y be a Γ-uniform bornological coarse space. Then we consider the Γ-bornological
coarse space O(Y )− obtained from the Γ-uniform bornological coarse space R ⊗ Y by
taking the hybrid coarse structure 9.15 associated to the big family ((−∞, n] × Y )n∈N.
Note that the subset [0,∞)× Y of O(Y )− with the induced structures is the cone O(Y ).
We then have maps of Γ-bornological coarse spaces
FT (Y )
i−→ O(Y ) j−→ O(Y )− d−→ FT (Rdu ⊗ Y ) .
The first two maps i and j are the inclusions, and the last map d is given by the identity
of the underlying sets.
Proposition 9.31. We have a commutative diagram in ΓSpX
Yos(O(Y )) j // Yos(O(Y )−)
'

d // Yos(FT (Rdu ⊗ Y ))
'

Yos(O(Y )) // O∞(Y ) ∂ // ΣYos(FT (Y ))
(9.9)
Remark 9.32. This proposition identifies a segment of the cone sequence (9.8) with a
sequence represented by maps between Γ-bornological coarse spaces. It in particular shows
that the cone O∞(Y ) is represented by the Γ-bornological coarse space O(Y )−. 
Proof of Proposition 9.31. We consider the diagram of motivic coarse spectra
Yos(FT (Y ))
i //

Yos(O(Y )) //
j

Yos(FT ([0,∞)⊗ Y ))

Yos(FT ((−∞, 0]⊗ Y )) // Yos(O(Y )−) d // Yos(FT (Rdu ⊗ Y ))
(9.10)
The left and right vertical and the lower left horizontal map are given by the canonical
inclusions. The upper right horizontal map is the identity map of the underlying sets.
This diagram commutes since it is obtained by applying Yos to a commuting diagram of
bornological coarse spaces.
The left square in (9.10) is cocartesian since the pair ((−∞, 0] × Y,O(Y )) in O(Y )− is
coarsely excisive. Furthermore, since ((−∞, 0] × Y, [0,∞) × Y ) is coarsely excisive in
FT (Rdu⊗Y ) the outer square is cocartesian. It follows that the right square is cocartesian.
Since the upper right and the lower left corners in (9.10) are trivial by flasqueness of the
rays the diagram is equivalent to the composition
Yos(FT (Y ))
i //

Yos(O(Y )) //
j

0

0 // Yos(O(Y )−) d // Yos(FT (Rdu ⊗ Y ))
of cocartesian squares. Note that O∞(Y ) is defined as the cofiber of the left upper
horizontal map i. Hence the left square yields the middle vertical equivalence in (9.9).
The outer square yields the equivalence Yos(FT (Rdu ⊗ Y )) ' ΣYos(Y ). The right square
then identifies d with the boundary map ∂ of the cone sequence.
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Next we will observe that O∞(Y ) is essentially independent of the coarse structure on Y .
Let Y be a Γ-uniform bornological coarse space with coarse structure C, bornology B and
uniform structure T . Let C ′ be a Γ-coarse structure on Y such that C ⊆ C ′ and C ′ is still
compatible with the bornology. We write Y ′ for the Γ-uniform bornological coarse space
obtained from Y by replacing the coarse structure C by C ′. Then the identity map of the
underlying sets is a morphism Y → Y ′ of Γ-uniform bornological coarse spaces. We will
call such a morphism a coarsening.
Let Y be a Γ-uniform bornological coarse space.
Proposition 9.33. If Y → Y ′ is a coarsening, then the induced map
O∞(Y )→ O∞(Y ′)
is an equivalence.
Proof. By definition of O∞(Y ) we have
O∞(Y ) ' colim
n∈N
Yos(([0,∞)du ⊗ Y )h, [0, n]× Y ) , (9.11)
where the subsets [0, n] × Y of ([0,∞)du ⊗ Y )h have the induced bornological coarse
structure. By u-continuity of Yos we have
O∞(Y ) ' colim
n∈N
colim
U
Yos(([0,∞)du ⊗ Y )U , ([0, n]× Y )U) , (9.12)
where U runs over the Γ-invariant entourages of ([0,∞)du ⊗ Y )h. Here for a subset X ′ of
X the notation X ′U denotes the set X
′ with the structures induced from XU , i.e., X ′U is a
short-hand notation for X ′XU . For every integer n, there is a cofinal set of entourages U
such that the pair
([0, n]× Y, [n,∞)× Y )
is coarsely excisive on ([0,∞) × Y )U . In fact, this is a coarsely excisive pair for any
entourage U that allows propagation from {n} × Y in the direction of the ray. Since the
Yoneda functor Yos is excisive we get the equivalence
O∞(Y ) ' colim
n∈N
colim
U
Yos(([n,∞)× Y )U , ({n} × Y )U) . (9.13)
In general, for a Γ-bornological coarse space X with coarse structure C and an invariant
subset Z we have an equivalence
colim
U∈CΓ
Yos(ZU) ' colim
U∈CΓ
Yos(Z(Z×Z)∩U) (9.14)
(here we must not omit the colimit). We insert this into (9.13) and get
O∞(Y ) ' colim
n∈N
colim
U
Yos(([n,∞)× Y )Un , ({n} × Y )Un) , (9.15)
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where we use the abbreviation Un := (([n,∞) × Y ) × ([n,∞) × Y )) ∩ U . We can now
interchange the order of the colimits and get
O∞(Y ) ' colim
U
colim
n∈N
Yos(([n,∞)× Y )Un , ({n} × Y )Un) . (9.16)
We argue now that in this formula we can replace the colimit over the invariant entourages
U of ([0,∞)du ⊗ Y )h by the colimit over all invariant entourages U ′ of ([0,∞)du ⊗ Y ′)h.
To this end we consider the generating entourages Uψ ∩W ′ of O(Y ′) (see the proof of
Lemma 9.27 for notation). Since T and C are compatible, there exists an integer n0
sufficiently large such that φ(n0) ∈ C. But then, since φ is monotoneous, we have φ(x) ∈ C
for every x in [n0,∞). We conclude that for every integer n with n ≥ n0 we have
(Uψ ∩W ′) ∩
(
([n,∞)× Y )× ([n,∞)× Y )) ⊆ Uψ ∩ (W ′ ∩ φ(n))
and W ′ ∩ φ(n) ∈ C.
This gives
O∞(Y ) ' colim
U ′
colim
n∈N
Yos(([n,∞)× Y )U ′n , ({n} × Y )U ′n) , (9.17)
where now U ′ runs over the invariant entourages of ([0,∞)du ⊗ Y ′)h. Going the argument
above backwards with Y replaced by Y ′ we end up with
O∞(Y ) ' colim
n∈N
Yos(([0,∞)du ⊗ Y ′)h, [0, n]× Y ) ' O∞(Y ′) (9.18)
and this completes the proof.
In the following proposition we use the invariance under coarsening in order to calculate
the value of the O∞-functor on Γ-uniform bornological coarse spaces whose underlying
uniform structure is discrete.
For a Γ-uniform bornological coarse space X which is discrete as a uniform space let Xdisc
denote the Γ-uniform bornological coarse space obtained by replacing the coarse structure
by the discrete coarse structure.
Remark 9.34. If X is not discrete as a uniform space, then the discrete coarse structure
is not compatible with the uniform structure. 
Let X be a Γ-uniform bornological coarse space.
Proposition 9.35. If X is discrete as a uniform space, then we have an equivalence
O∞(X) ' ΣYos(FT (Xdisc))
in ΓSpX .
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Proof. Since Xdisc → X is a coarsening, by Proposition 9.33 we have an equivalence
O∞(Xdisc) '−→ O∞(X) .
By Example 9.25 we know that O(Xdisc) is flasque and hence Yos(O(Xdisc)) ' 0. The fiber
sequence obtained in Corollary 9.30 yields an equivalence O∞(Xdisc) ' ΣYos(FT (Xdisc))
as desired.
Next we discuss excision and homotopy invariance for O∞.
Let Y be a Γ-uniform bornological coarse space and A,B be Γ-invariant subsets of Y .
Corollary 9.36. If (A,B) is an equivariant uniformly and coarsely excisive decomposition,
then the following square in ΓSpX is cocartesian:
O∞(A ∩B) //

O∞(B)

O∞(A) // O∞(Y )
(9.19)
Proof. Since (A,B) is coarsely excisive the square
Yos(FT (A) ∩ FT (B)) //

Yos(FT (B))

Yos(FT (A)) // Yos(FT (Y ))
is cocartesian. Furthermore, by Lemma 9.27 the square
O(A ∩B) //

O(B)

O(A) // O(Y )
is cocartesian. Now it just remains to use the cone sequence (9.8) in order to conclude
that the square (9.19) is cocartesian.
Remark 9.37. If we assume that the underlying uniform space of Y is Hausdorff, then
we could drop the assumption that (A,B) is coarsely excisive. In this case it will follow
from the Decomposition Theorem 9.22 applied to the equivariant uniform decomposition
([0,∞)× A, [0,∞)×B) of [0,∞)du ⊗ Y that (9.19) is cocartesian. 
Corollary 9.38. The functor O∞ : ΓUBC→ ΓSpX is homotopy invariant.
Proof. Let Y be a Γ-uniform bornological coarse space. Let h : [0, 1]du ⊗ Y → Y be the
projection. By functoriality of the cone we get the morphism
O(h) : O([0, 1]du ⊗ Y )→ O(Y ) .
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We now observe that
O([0, 1]du ⊗ Y ) ∼= ([0,∞)du ⊗ [0, 1]du ⊗ Y )h ∼= ([0, 1]du ⊗ [0,∞)du ⊗ Y )h .
By the Homotopy Theorem 9.23 we get an equivalence
Yos(O([0, 1]du⊗Y )) ' Yos(([0, 1]du⊗[0,∞)d⊗Y )h) ' Yos(([0,∞)du⊗Y )h) ' Yos(O(Y )) .
Since the projections [0, 1]du⊗ [0, n]du⊗Y → [0, n]du⊗Y induce equivalences of underlying
Γ-bornological coarse spaces we conclude that the projection h induces an equivalence
O∞([0, 1]du ⊗ Y )→ O∞(Y )
in ΓSpX .
10. Topological assembly maps
The overall theme of this section is the interplay between equariant coarse homology
theories and equivariant homology theories.
We start in Section 10.1 with the general discussion of equivariant homology theories, and
then in Section 10.2 we modify the “cone at infinity” functor O∞ to get an equivariant
ΓSpX -valued homology theory
O∞hlg : ΓTop→ ΓSpX .
We introduce classifying spaces EFΓ for families F of subgroups and define the motivic
assembly map
αF : O∞hlg(EFΓ)→ O∞hlg(∗)
in Section 10.3. Using the cone sequence we define further versions αX,Q of the motivic
assembly map with twist Q and discuss some instances where it is an equivalence. Finally,
in Section 10.4 we use the functor O∞hlg in order to derive equivariant homology theories
from coarse homology theories.
10.1. Equivariant homology theories
In this section we will recall the notion of a (strong) equivariant homology theory on
Γ-topological spaces.
Our basic category of topological spaces is the convenient category Top of compactly
generated weakly Hausdorff spaces. A map between topological spaces is a weak equivalence
if it induces an isomorphism between the sets of connected components and isomorphisms of
homotopy groups in all positive degrees and for all choices of base points. The ∞-category
78
obtained from (the nerve of) Top by inverting these weak equivalences is a model for the
presentable ∞-category Spc of spaces. In particular, we have the localization functor
κ : Top→ Spc . (10.1)
A Γ-topological space is a topological space with an action of the group Γ by automorphisms.
We denote the category of Γ-topological spaces and equivariant continuous maps by ΓTop.
A weak equivalence between Γ-topological spaces is a Γ-equivariant map which induces
weak equivalences on fixed-point spaces for all subgroups of Γ. We will model this homotopy
theory by presheaves on the orbit category of Γ.
The orbit category Orb(Γ) of Γ is the category of transitive Γ-sets and equivariant maps.
A Γ-set can naturally be considered as a discrete Γ-topological space. In this way we get a
fully faithful functor Orb(Γ)→ ΓTop. For a transitive Γ-set S and Γ-topological space
X we consider the topological space MapΓTop(S,X) of equivariant maps from S to X.
Remark 10.1. We consider a transitive Γ-set S. If we fix a base point s in S and denote
the stabilizer of s by Γs, then we get an identification Map(S,X) ' XΓs , where XΓs is
the subspace of Γs-fixed points. 
We define a functor
` : ΓTop→ PSh(Orb(Γ)) by `(X)(S) := κ(MapΓTop(S,X)) for S ∈ Orb(Γ) . (10.2)
Remark 10.2. A map between topological spaces is a weak equivalence if and only if
its image under κ is an equivalence. Consequently, a map between Γ-topological spaces
is a weak equivalence if and only if its image under ` is an equivalence. By Elmendorf’s
theorem [May96, Thm. VI.6.3] (which boils down to the assertion that ` is essentially
surjective) the functor ` induces an equivalence
ΓTop[W−1] '−→ PSh(Orb(Γ)) , (10.3)
where ΓTop[W−1] denotes the ∞-category obtained from ΓTop by inverting the weak
equivalences. Occasionally we will use the fact that a weak equivalence in ΓTop between
Γ-CW-complexes is actually a homotopy equivalence in ΓTop. 
Let C be a cocomplete ∞-category. By the universal property of the presheaf category we
have an equivalence of ∞-categories
Funcolim(PSh(Orb(Γ)),C) ' Fun(Orb(Γ),C) , (10.4)
where the superscript colim stands for colimit-preserving. The localization functor (10.2)
induces a faithful restriction functor
Funcolim(PSh(Orb(Γ),C)→ Fun(ΓTop,C) . (10.5)
From now on we assume that C is cocomplete and stable.
Our preferred definition of the notion of an equivariant C-valued homology theory would
be the following.
Let E : ΓTop→ C be a functor.
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Definition 10.3. E is called a strong equivariant C-valued homology theory if it is in the
essential image of (10.5). 
Assume that we are given a functor E as above. If it sends weak equivalences to equiv-
alences, then, using the equivalence (10.3), it extends essentially uniquely to a functor
PSh(Orb(Γ))→ C. The functor E is an equivariant C-valued homology theory if this
extension preserves colimits. In general it seems to be complicated to check these conditions
if E is given by some geometric construction. For this reason we add the adjective strong
in order to distinguish this notion from the Definition 10.4 of an equivariant C-valued
homology theory that we actually work with.
Let E : ΓTop→ C be a functor. We extend E to pairs (X,A) of Γ-topological spaces and
subspaces by setting
E(X,A) := Cofib
(
E(∗)→ E(X ∪A Cone(A))
)
,
where Cone(A) denotes the cone over A and ∗ is the base point of the cone.
Definition 10.4. The functor E is called an equivariant C-valued homology theory if it
has the following properties:
1. (Homotopy invariance) For every Γ-topological space X the projection induces an
equivalence
E([0, 1]×X)→ E(X) .
2. (Excision) If (X,A) is a pair of Γ-topological spaces and U is an invariant open subset
of A such that U is contained in the interior of A, then the inclusion (X \U,A\U)→
(X,A) induces an equivalence
E(X \ U,A \ U)→ E(X,A) .
3. (Wedge axiom) For every family (Xi)i∈I of Γ-topological spaces the canonical map⊕
i∈I
E(Xi)
'−→ E
(∐
i∈I
Xi
)
is an equivalence. 
Remark 10.5. In order to verify that E satisfies excision one must show that E sends
the square
Cone(A \ U) //

(X \ U) ∪A\U Cone(A \ U)

Cone(A) // X ∪A Cone(A)
to a push-out square. For homotopy invariant functors E this is equivalent to the property
that E sends the right vertical map in the square above to an equivalence.
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For homotopy invariant functors E excision follows from the stronger condition of closed
excision, i.e., that for every decomposition (A,B) of X into closed invariant subsets the
diagram
E(A ∩B) //

E(A)

E(B) // E(X)
is a push-out square. This can be seen as follows. Assume that E is homotopy invariant
and satisfies closed excision. Let X, A, and U be as above. Then we have a closed
decomposition
(X \ U ∪A\U Cone(A \ U) , Cone(U))
of X ∪A Cone(A) with intersection Cone(U \U). By closed excision we get the cocartesian
square
E(Cone(U \ U)) //

E(X \ U ∪A\U Cone(A \ U))

E(Cone(U)) // E(X ∪A Cone(A))
Since E is homotopy invariant it sends the left vertical map to an equivalence since cones
are contractible. Consequently, the right vertical map is an equivalence, too. 
Remark 10.6. Let E be an equivariant C-valued homology theory. In general we can
not expect that it factorizes over the localization (10.2).
Using the equivalence (10.4) the restriction of E to the orbit category gives rise to a strong
equivariant C-valued homology theory E% which comes with a natural transformation
E% → E. Using the theory developed by Davis–Lu¨ck [DL98, Sec. 3] one can check that
E%(X)
'−→ E(X)
for all Γ-CW-complexes X. 
10.2. The cone as an equivariant homology theory
In Section 9.5 we have seen that the “cone at infinity” functor O∞ is a homotopy invariant
and excisive functor from ΓUBC to SpX . In this section we modify this functor in order
to get an equivariant homology theory O∞hlg : ΓTop→ ΓSpX .
If X is a Γ-uniform space, then we can consider X as a Γ-uniform bornological coarse
space Xmax,max by equipping the uniform space X in addition with the maximal coarse
structure and the maximal bornology. In this way we get a functor
M : ΓU→ ΓUBC , X 7→ M(X) := Xmax,max . (10.6)
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Let Y be a Γ-set and Q be a Γ-bornological coarse space. The projection Ymax,max → ∗
induces a morphism
Yos(Ymax,max)⊗ Yos(Q)→ Yos(Q) (10.7)
in ΓSpX .
Lemma 10.7. If the underlying set of Q is a free Γ-set, then (10.7) is an equivalence.
Proof. Since Q is a free Γ-set we can choose a Γ-equivariant map of sets κ : Q→ Y . The
map (κ, id) : Q→ Ymax,max ⊗Q is then a morphism of Γ-bornological coarse spaces. It is
an inverse to the projection up to equivalence. Hence the projection is an equivalence of
Γ-bornological coarse spaces and therefore Yos(Ymax,max ⊗Q)→ Yos(Q) is an equivalence.
We now use that Yos is a symmetric monoidal functor (see Section 4.3) in order to rewrite
the domain of the morphism as in (10.7).
The functor
O∞ ◦M : ΓU→ ΓSpX (10.8)
behaves very much like an equivariant homology theory. Of course, it is not defined on
ΓTop, but on ΓU. On the other hand it is homotopy invariant by Corollary 9.38, and
sends equivariant uniform decompositions to push-outs by Corollary 9.36. The drawback
is that it in general only preserves finite coproducts.
In order to improve these points we define a new functor
O∞hlg : ΓTop→ ΓSpX
by first restricting O∞ ◦M to the subcategory of Γ-compact Γ-metrizable spaces and then
left-Kan extending the result to ΓTop. In the following we describe the details.
Let X be a Γ-toplogical space. Recall that X is Γ-compact if there exists a compact subset
K of X such that ΓK = X, and that X is Γ-metrizable if there exists a Γ-invariant metric
on X which induces the topology of X.
We denote by ΓTopcm the full sub-category of ΓTop spanned by all the Γ-compact and
Γ-metrizable Γ-topological spaces. Associated to any X in ΓTopcm we define
N (X) := {N ⊆ X ×X | N contains a Γ-invariant neighborhood of the diagonal} .
Furthermore we set U(X) := (X,N (X)). For a Γ-invariant metric onX which is compatible
with the topology we let Td denote the associated metric uniform structure on X.
Lemma 10.8. Assume that X is in ΓTopcm.
1. N (X) is a Γ-uniform structure.
2. If d is a Γ-invariant metric compatible with the topology, then N (X) = Td.
3. The assignment X 7→ U(X) defines a functor U : ΓTopcm → ΓU.
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Proof. By assumption we can choose a Γ-invariant metric d which is compatible with the
topology. We claim that for every Γ-invariant neighborhood N of the diagonal there exists
some T in Td such that T ⊆ N . The case N = X ×X is trivial and we assume that N is
a proper subset. We define a function
b : X → (0,∞), x 7→ sup{ ∈ (0,∞) | B(x)×B(x) ⊆ N} ,
where B(x) denotes the open ball of radius  around x (with respect to d). Since d is
compatible with the topology the argument of the sup is non-empty for every x in X
and the value b(x) is indeed positive. Furthermore, the supremum is attained. Moreover,
the supremun can not be infinite since we assume that N is a proper subset. Finally, we
observe that b is Γ-equivariant with respect to the trivial Γ-action on (0,∞).
We now show that the function b is 1-Lipschitz. Let x, y be two points in X and let δ be
their distance. If both b(x) and b(y) are less than δ, then so is their distance. Therefore,
we can assume that b(x) ≥ b(y) and b(x) ≥ δ. By the triangle inequality we have
Bb(x)−δ(y)×Bb(x)−δ(y) ⊆ Bb(x)(x)×Bb(x)(x) ⊆ N
This implies b(x) ≥ b(y) ≥ b(x) − δ. In particular, |b(x) − b(y)| ≤ δ and b is indeed
1-Lipschitz and thus continuous.
By assumption we can choose a compact subset K of X such that ΓK = X. Since b is
continuous, the restriction b|K : K → (0,∞) attains a positive minimal value, which we
denote by 0. By Γ-equivariance of b, we then have b(x) ≥ 0 for all x in X. We conclude
that the metric uniform entourage {(x, y) ∈ X ×X | d(x, y) < 0} is contained in N .
Note that every metric uniform entourage is a neighbourhood of the diagonal since d is
compatible with the topology. Since both N (X) and Td are closed under taking supersets,
we have shown that N (X) = Td. This shows the first two assertions of the Lemma.
We now show the third assertion. Let f : X → X ′ be an equivariant continuous map
between two Γ-compact and Γ-metrizable Γ-topological spaces. We must show that
f : (X,N (X)) → (X ′,N (X ′)) is uniformly continuous. Let V ′ belong to N (X ′). Then
V ′ contains a Γ-invariant neighbourhood of the diagonal U ′. Since f is equivariant
and continuous, (f−1 × f−1)(U) is a Γ-invariant neighbourhood of the diagonal of X
contained in (f−1 × f−1)(V ′). Consequently, (f−1 × f−1)(V ′) ∈ N (X). This implies that
f : (X,N (X))→ (X ′,N (X ′)) is uniformly continuous.
Let X be a Γ-topological space, and let A and B be closed Γ-invariant subsets of X such
that A ∪B = X.
Lemma 10.9. If X is Γ-compact and Γ-metrizable, then (A,B) is an equivariant uniform
decomposition of U(X) (Definition 9.19).
Proof. We choose a Γ-invariant metric d on X which is compatible with the topology. By
Lemma 10.8, (X, Td) = U(X).
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For a subset Z of Y and e in (0,∞) we consider the e-thickening
Ue[Z] := {y ∈ Y | d(y, Z) ≤ e}
(note that Ue is defined in (9.1) with a ≤-relation, too) of Z. If Z is invariant, then Ue[Z]
is again invariant.
If A ∩B = ∅, then by Γ-compactness of Y the subsets A and B are uniformly separated
and (A,B) is an equivariant uniform decomposition.
Assume now that A∩B 6= ∅. It suffices to define a monotoneous function s : (0,∞)→ (0,∞)
such that:
1. lime→0 s(e) = 0.
2. For all e in (0,∞) we have
Ue[A] ∩ Ue[B] ⊆ Us(e)[A ∩B] .
We define a function s : (0,∞)→ [0,∞] by
s(e) := inf{e′ ∈ (0,∞) | Ue[A] ∩ Ue[B] ⊆ Ue′ [A ∩B]} .
By construction, this function is monotoneous. Since A∩B 6= 0, and since by Γ-compactness
of Y there exists R in (0,∞) such that UR[A∩B] = Y , the function s is finite. Condition 2
follows from this observation.
We claim that
A ∩B =
⋂
e>0
Ue[A] ∩ Ue[B] . (10.9)
It is clear that
A ∩B ⊆
⋂
e>0
Ue[A] ∩ Ue[B] .
On the other hand, assume that y ∈ Y \ (A ∩B). Without loss of generality (interchange
the roles of A and B, if necessary) we can assume that y ∈ Y \ A. Since A is closed there
exists e in (0,∞) such that y 6∈ Ue[A]. Hence y ∈ Y \
⋂
e>0 Ue[A] ∩ Ue[B]. This shows the
opposite inclusion ⋂
e>0
Ue[A] ∩ Ue[B] ⊆ A ∩B.
We now show Condition 1. Assume the contrary. Then there exists  in (0,∞) such
that s(e) ≥  > 0 for all e in (0,∞). For every integer n there exists a point yn in
U1/n[A]∩U1/n[B] such that yn 6∈ U[A∩B]. We can assume (after replacing yn by γnyn for
suitable elements γn of Γ) by Γ-compactness that yn → y for n→∞. Then y 6∈ U/2[A∩B]
but y ∈ A∩B by (10.9). This is a contradiction, and so we have verified Condition 1.
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Definition 10.10. We define the functor
O∞hlg : ΓTop→ ΓSpX
as the left Kan extension
ΓTopcm O
∞◦M◦U //

ΓSpX
ΓTop
O∞hlg
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of O∞ ◦M ◦ U along the fully faithful functor ΓTopcm ↪→ ΓTop. 
Proposition 10.11. O∞hlg is an equivariant ΓSpX -valued homology theory.
Proof. We first note that the objectwise formula for the left Kan-extension gives
O∞hlg(X) ' colim
(Y→X)∈ΓTopcm/X
O∞(M(U(Y ))) . (10.10)
Let Y be a Γ-compact and Γ-metrizable Γ-topological space and (φ, f) : Y → [0, 1]×X
be an equivariant map. Then we have the factorization
(φ, f) : Y
(φ,idY )−−−−→ [0, 1]× Y (id[0,1],f)−−−−−→ [0, 1]×X .
Note that [0, 1]×Y is again a Γ-compact and Γ-metrizable Γ-topological space. This shows
that the category of maps of the form (id[0,1], f) : [0, 1]× Y → [0, 1]×X for morphisms of
Γ-topological spaces f : Y → X with Y in ΓTopcm is cofinal in ΓTopcm/([0, 1]×X). By
Lemma 10.8, we have an isomorphism of Γ-uniform spaces
U([0, 1]× Y ) ∼= [0, 1]u ⊗ U(Y ) .
By the homotopy invariance of O∞ (Corollary 9.38) the projection [0, 1]u ⊗ U(Y )→ U(Y )
induces an equivalence O∞(M(U([0, 1]× Y ))) ' O∞(M(U(Y ))). Hence we conclude that
O∞hlg([0, 1]×X) ' O∞hlg(X), i.e., that O∞hlg is homotopy invariant.
Assume now that (Xi)i∈I is a filtered family of Γ-topological spaces and setX := colimi∈I Xi.
Then every morphism Y → X for a Y in ΓTopcm factorizes as Y → Xi → X for some i
in I since Y is Γ-compact. It follows that
O∞hlg(X) ' colim
(Y→X)∈ΓTopcm/X
O∞(M(U(Y )))
' colim
i∈I
colim
(Y→Xi)∈ΓTopcm/Xi
O∞(M(U(Y )))
' colim
i∈I
O∞hlg(Xi) .
This in particular implies the wedge axiom for O∞hlg.
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In order to show that O∞hlg satisfies excision, by Remark 10.5 it suffices to show the stronger
result that for every decomposition (A,B) of a Γ-topological space X into two closed
invariant subsets we have a push-out square
O∞hlg(A ∩B) //

O∞hlg(A)

O∞hlg(B) // O∞hlg(X)
. (10.11)
Let r : Y → X be an object of ΓTopcm/X. Then (r−1(A), r−1(B)) is a closed decomposition
of Y into Γ-compact and Γ-metrizable subspaces. Note that the objects of the form
r−1(A)→ A of ΓTopcm/A for all r : Y → X are cofinal in ΓTopcm/A.
We conclude that (10.11) is a colimit of commuting squares
O∞(M(U(r−1(A) ∩ r−1(B)))) //

O∞(M(U(r−1(A))))

O∞(M(U(r−1(B)))) // O∞(M(U(Y )))
(10.12)
Since Y is a Γ-compact and Γ-metrizable Γ-topological space, by Lemma 10.9 the decom-
position (r−1(A), r−1(B)) is an equivariant uniform decomposition of U(Y ). Therefore the
square (10.12) is a push-out square by Corollary 9.36. Being a colimit of push-out squares
the square (10.11) is therefore also a push-out square.
Remark 10.12. Instead of O∞ ◦M we could consider any functor
A : ΓU→ C
for some cocomplete stable ∞-category C, which is excisive for closed decompositions and
homotopy invariant. The construction above produces an equivariant C-valued homology
theory Ahlg : ΓTop→ C as a left Kan-extension
ΓTopcm A◦U //

C
ΓTop
Ahlg
77
The proof that this is indeed an equivariant C-valued homology theory is word-for-word
the same as the proof of Proposition 10.11.
Note that the proof also shows that for a filtered family of Γ-topological spaces (Xi)i∈I
the following natural morphism is an equivalence
colim
i∈I
Ahlg(Xi)
'−→ Ahlg(colim
i∈I
Xi) . (10.13)
We will use this equivalence later in this paper. 
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A Γ-uniform space X has an underlying Γ-topological space which we will denote by τ(X).
The topology of τ(X) is generated by the sets V [x] for all points x and uniform entourages
V of X. We actually get a functor
τ : ΓU→ ΓTop . (10.14)
Remark 10.13. Let Y be a Γ-compact and Γ-metrizable Γ-topological space, and let X
be a Γ-uniform space. Then every continuous map Y → τ(X) induces a uniform map
U(Y )→ X. Therefore, we obtain a natural morphism
Ahlg(τ(X))→ A(X) . (10.15)
Since the inclusion functor ΓTopcm ↪→ ΓTop is fully faithful, the morphism (10.15) is an
equivalence for X := U(Y ) if Y is a Γ-compact and Γ-metrizable Γ-topological space. 
10.3. Families of subgroups and the universal assembly map
In this section we will define the classifying space EFΓ for a family F of subgroups of Γ,
and we will define the corresponding universal assembly map
αF : O∞hlg(EFΓ)→ O∞hlg(∗) .
We will also introduce the motivic assembly map
αX,Q : O∞hlg(X)⊗ Yos(Q)→ ΣYos(Q)
for a Γ-topological space X twisted by a Γ-bornological coarse space Q.
Definition 10.14. A family of subgroups F of Γ is a non-empty subset of the set of
subgroups of Γ which is closed under conjugation and taking subgroups. 
Example 10.15. Examples of families of subgroups are:
1. {1} – the family containing only the trivial subgroup
2. Fin – the family of all finite subgroups
3. Vcyc – the family of all virtually cyclic subgroups
4. All – the family of all subgroups
In Section 11 we will mostly work with the family Fin since one can model the corresponding
classifying space (see Definition 10.17) by the Rips complex. 
For a family of subgroups F we let OrbF(Γ) ⊆ Orb(Γ) be the full subcategory of transitive
Γ-sets whose stabilizers belong to F .
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Example 10.16. Note that OrbAll(Γ) = Orb(Γ).
There is furthermore an equivalence BΓ→ Orb{1}(Γ)op which sends the unique object ∗ of
BΓ to the Γ-set Γ (with the left action). On morphisms this equivalence sends the morphism
γ in HomBΓ(∗, ∗) = Γ to the automorphism of the Γ-set Γ given by right-multiplication
with γ. 
For two families of subgroups F ,F ′ satisfying F ⊆ F ′ we have an inclusion
OrbF(Γ) ↪→ OrbF ′(Γ)
of orbit categories. On presheaves this inclusion of orbit categories defines a restriction
functor which is the right-adjoint of an adjunction
IndF
′
F : PSh(OrbF(Γ))  PSh(OrbF ′(Γ)) : ResF
′
F . (10.16)
We let ∗F denote the final object in OrbF(Γ).
Definition 10.17. The object
EFΓ := Ind
All
F (∗F)
of PSh(Orb(Γ)) is called the classifying space of Γ for the family F . 
Remark 10.18. Assume that X is a Γ-CW-complex with an equivalence `(X) ' EFΓ.
Then the following Lemma 10.19 shows that for every subgroup H of Γ the fixed point set
XH is contractible or empty depending on whether H belongs to F or not. This property
is the usual characterization of a classifying space of Γ for the family F . We say that X is
a model for EFΓ. A model for EFΓ is unique up to contractible choice. 
Let y : Orb(Γ)→ PSh(Orb(Γ)) denote the Yoneda embedding.
Lemma 10.19. For T ∈ Orb(Γ) we have
Map(y(T ), EFΓ) '
{
∅ if T 6∈ OrbF(Γ) ,
∗ if T ∈ OrbF(Γ) .
Proof. For a presheaf E on OrbF(Γ) and object T in Orb(Γ) we have (we interpret the
Hom-sets as discrete spaces)
IndAllF (E)(T ) ' colim
(S→T )∈OrbF (Γ)op/T
E(S) .
Consequently, we have
Map(y(T ), EFΓ) ' colim
(S→T )∈OrbF (Γ)op/T
∗F(S) .
Note that ∗F(S) ' ∗ and OrbF(Γ)op/T is empty if T is not in OrbF(Γ) and otherwise
has the identity on T as final object.
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Remark 10.20. We must consider models for EFΓ since O∞hlg or the equivariant homology
theory Ahlg constructed in Remark 10.12 are not expected to be strong equivariant
homology theories (Definition 10.3) and therefore can not be applied to the object EFΓ of
the ∞-category PSh(Orb(Γ)). But on the other hand, since these functors are homotopy
invariant, the evaluations O∞hlg(EFΓcw) or Ahlg(EFΓcw) on a model EFΓcw for EFΓ are
well-defined up to equivalence.
From now on EFΓcw will denote some choice of a model. 
The projection EFΓcw → ∗ is a morphism in ΓTop.
If F : ΓTop→ C is an equivariant C-valued homology theory, then the Farrell–Jones and
Baum–Connes type question is for which family F this projection induces an equivalence
F (EFΓcw)→ F (∗) .
The coarse geometric approach to the question uses that this projection induces a morphism
in ΓSpX
αEFΓcw : O∞hlg(EFΓcw)→ O∞hlg(∗) .
Definition 10.21. The morphism αEFΓcw is called the universal assembly map for the
family of subgroups F . 
One could ask if there is an interesting family F (i.e., not the family of all subgroups of Γ)
for which the universal assembly map is an equivalence.
Most of the study of the assembly map is based on an identification of this map with a
forget-control map, or equivalently, a boundary operator of a cone sequence. We develop
this point of view below.
The following diagram is one of the starting points of [BLR08]. We consider a Γ-topological
space X and the projection X → ∗. It induces the vertical maps in the diagram in ΓSpX
whose horizontal parts are segments of the cone sequence Corollary 9.30:
colim
(Y→X)∈ΓTopcm/X
Yos(Ymax,max) //

colim
(Y→X)∈ΓTopcm/X
Yos(O(M(U(Y ))))

// O∞hlg(X)
αX

Yos(∗) // Yos(O(∗)) // O∞hlg(∗)
.
Note that Yos(O(∗)) ' 0 since O(∗) is flasque. Furthermore, if we tensor-multiply
(with respect to − ⊗ −) the diagram with Yos(Q) for a Γ-bornological coarse space Q
whose underlying Γ-set is free, then by Lemma 10.7 the left vertical map becomes an
equivalence.
Definition 10.22. We define the obstruction motive to be the object
M(X) := colim
(Y→X)∈ΓTopcm/X
Yos(O(M(U(Y ))))
of the category ΓSpX . 
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The discussion above has the following corollary. Let Q be a Γ-bornological coarse space.
Corollary 10.23. If the underlying Γ-set of Q is free, then we have a fiber sequence
M(X)⊗ Yos(Q)→ O∞hlg(X)⊗ Yos(Q)
αX,Q−−−→ ΣYos(Q)→ Σ(M(X)⊗ Yos(Q)) .
Definition 10.24. The morphism αX,Q := αX ⊗ idYos(Q) is called the motivic assembly
map with twist Q. 
Let Q be a Γ-bornological coarse space.
Corollary 10.25. Let the underlying Γ-set of Q be free. Then the motivic assembly map
with Q-twist αX,Q is an equivalence if and only if M(X)⊗ Yos(Q) ' 0.
A typical example for Q is Γcan,min, and variants like Γcan,max, Γmax,max, Γmin,min, etc.
In general we expect the assembly map αEFΓ,Q to become an equivalence only after applying
suitable equivariant coarse homology theories. But the following is an example where the
assembly map is an equivalence already motivically.
Let F be a family of subgroups of Γ and consider a Γ-bornological coarse space Q.
Lemma 10.26. Assume that:
1. EFΓcw is Γ-compact and Γ-metrizable.
2. Q is discrete as a coarse space.
3. Q has stabilizers in F .
4. Q is Γ-finite.
Then we have
M(EFΓcw)⊗ Yos(Q) ' 0 .
Remark 10.27. Note that if the family F is VCyc, i.e., the family of all virtually cyclic
subgroups, then the condition of EFΓcw being Γ-compact is very restrictive: by a conjecture
of Juan-Pineda–Leary [JPL06] this implies that Γ is virtually cyclic itself.
This conjecture is proven for hyperbolic groups (Juan-Pineda–Leary [JPL06]), elementary
amenable groups (Kochloukova–Martinez-Perez–Nucinkis [KMPN09] and Groves–Wilson
[GW13]) and for one-relator groups, acylindrically hyperbolic groups, 3-manifold groups,
CAT(0) cube groups, linear groups (von Puttkamer–Wu [vPW16, vPW17]). 
Proof. Since EFΓcw is Γ-compact and Γ-metrizable the colimit in the Definition 10.22 of
M(EFΓ)cw stabilizes. We consider Q as a Γ-uniform bornological coarse space Qdisc with
the discrete uniform structure. Using Lemma 9.26, we get the equivalence
M(EFΓcw)⊗ Yos(Q) ' Yos(O(M(U(EFΓcw)))⊗Qdisc) .
90
The space EFΓcw has the following universal property: for every Γ-space X with stabilizers
in F which is homotopy equivalent to a CW -complex the space MapΓ(X,EFΓcw) is
contractible. It follows from the universal property of EFΓcw that there is a unique
homotopy class of maps ι : Q→ EFΓcw. Furthermore, the maps ι ◦ prQ, prEFΓcw : EFΓcw×
Q → EFΓcw are homotopic. Since Q is Γ-finite and EFΓcw is Γ-compact Γ-metrizable
these maps and homotopies are automatically uniform maps when we consider EFΓcw as a
uniform space by applying U . Hence idM(U(EFΓcw))⊗Qdisc is homotopic to the composition
M(U(EFΓcw))⊗Qdisc
prQ−−→ Qdisc (ι,idQ)−−−→M(U(EFΓcw))⊗Qdisc
of morphisms between Γ-uniform bornological coarse spaces. Using that O is homotopy
invariant we conclude that idM(EFΓcw)⊗Yos(Q) factorizes over Yo
s(O(Qdisc)). We now use
Example 9.25 in order to conclude that Yos(O(Qdisc)) ' 0. This finishes this proof.
For the following we just combine Lemma 10.26 and Corollary 10.25.
Corollary 10.28. If EFΓcw is Γ-compact and Γ-metrizable, then the motivic assembly
map αEFΓcw,Γmin,? is an equivalence for ? ∈ {min,max}.
10.4. Homology theories from coarse homology theories
Let E be an equivariant C-valued coarse homology theory, i.e., a colimit preserving functor
E : ΓSpX → C. By Proposition 10.11 we can use the cone O∞hlg in order to pull-back E
to an equivariant homology theory:
Definition 10.29. Let us define
EO∞hlg := E ◦ O∞hlg : ΓTop→ C ,
which is an equivariant C-valued homology theory. 
Recall that for an equivariant coarse motivic spectrum L the functor
−⊗ L : ΓSpX → ΓSpX
preserves colimits. If E is a C-valued equivariant coarse homology theory, then we can
define a new equivariant coarse homology theory
EL(−) := E(−⊗ L) : ΓSpX → C . (10.17)
We will refer to L as a twist.
The Farrell–Jones/Baum–Connes type question for EYos(Q)O∞hlg is now the question for
which family F of subgroups the morphism EYos(Q)(αEFΓ) is an equivalence of spectra.
The next corollary is a consequence of Corollary 10.25.
Let Q be a Γ-bornological coarse space.
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Corollary 10.30. Assume that the underlying Γ-set of Q is free. Then the assembly map
EYos(Q)(αEFΓ) is an equivalence if and only if
EYos(Q)(M(EFΓ)) ' 0 .
Given the coarse homology theory E and a twist L it is of particular interest to charac-
terize the homology theory ELO∞hlg. As explained in Section 10.1, the restriction of an
equivariant homology theory from ΓTop to the full subcategory ΓCW of Γ-CW complexes
is determined by its restriction to the orbit category Orb(Γ). So we must understand the
evaluations ELO∞hlg(S) for all transitive Γ-sets S. The main tool is Proposition 9.35. It
gives
ELO∞hlg(S) ' ΣEL(Yos(Smin,max)) .
We have calculated these evaluations for equivariant coarse ordinary homology and for
equivariant coarse algebraic K-homology explicitly:
1. see Section 7.2 for HX ΓYos(Γcan,min), and
2. see Section 8.4 for KAX ΓYos(Γ?,?).
11. Forget-control and assembly maps
11.1. The forget-control map
Let X be a coarse space and U an entourage of X.
Let µ : P(X)→ [0, 1] be a probability measure on the measurable space (X,P(X)).
Definition 11.1. The measure µ is called finite U -bounded if there is a finite U -bounded
subset F of X with µ(F ) = 1. We then define the support supp(µ) to be the smallest
subset of X with measure one.
We let PU(X) denote the topological space of finite U -bounded probability measures
on X equipped with the topology induced by the evaluation against finitely supported
functions. 
Every point x in X gives rise to a Dirac measure δx at x. If U contains the diagonal of
X, then we get a map X → PU(X), x 7→ δx, of sets. A probability measure µ which is
finite U -bounded can be written as a finite convex combination of Dirac measures. More
concretely,
µ =
∑
x∈supp(µ)
µ({x})δx .
The set PU(X) has a natural structure of a simplicial complex. In other words, PU(X) is
the simplicial complex with vertex set X such that a subset {x1, . . . , xm} spans a simplex
if and only if (xi, xj) ∈ U for all i, j in {1, . . . ,m}. Let PU(X)u denote the uniform space
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with the uniform structure induced by the canonical path quasi-metric on the simplicial
complex, see Example 9.7. Note that the topology induced by this uniform structure is
the topology on PU (X) induced by the evaluation against finitely supported functions, i.e.,
we have
τ(PU(X)u) = PU(X) ,
where τ is the functor associating the underlying topological space to a uniform space,
cf. (10.14). Eilenberg–Steenrod [ES52, p. 75] called this the metric topology. In general
this topology differs from the weak topology on the simplicial complex in the sense of
Eilenberg–Steenrod [ES52, p. 75].
If X ′ is a second coarse space with entourage U ′ and f : X → X ′ is a map such that
(f × f)(U) ⊆ U ′, then we get a map of simplicial complexes
f∗ : PU(X)→ PU ′(X ′) , µ 7→ f∗µ ,
where the measure f∗µ is the push-forward of the measure µ.
If X is a Γ-coarse space and the entourage U is Γ-invariant, then Γ acts on the simplicial
complex PU(X) such that the latter becomes a Γ-simplicial complex, so in particular it
becomes a Γ-topological space. Furthermore we obtain a Γ-uniform space PU(X)u. If X
′
is a second Γ-coarse space, U ′ is a Γ-invariant entourage, and f : X → X ′ is equivariant
with (f × f)(U) ⊆ U ′, then f∗ : PU(X)→ PU ′(X ′) is equivariant.
Let X be a Γ-coarse space.
Definition 11.2. The Γ-topological space
Rips(X) := colim
U∈CΓ
PU(X)
is called the Rips complex of X. Note that the colimit is taken in ΓTop. 
Remark 11.3. Note that in general the simplicial complex PU (X) is not locally finite. In
this case its topology does not exhibit it as a CW-complex (this happens if and only if the
simplicial complex is locally finite).
But by a result of Dowker [Dow52, Thm. 1 on P. 575] PU (X) has the homotopy type of a
CW-complex (see also Milnor [Mil59, Thm. 2] for a short proof of this). Concretely, the
underlying identity map of the set induces a homotopy equivalence CW(PU (X))→ PU (X),
where CW(PU(X)) denotes PU(X) retopologized as a CW-complex. 
Let Γcan be the group Γ considered as a Γ-coarse space with its canonical coarse structure.
Recall the localization (10.2).
Lemma 11.4. We have an equivalence `(Rips(Γcan)) ' EFinΓ.
Proof. By definition, `(Rips(Γ)) is the presheaf on Orb(Γ) given by
S 7→ κ(MapΓTop(S,Rips(Γcan))) ,
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where κ is as in (10.1). We now observe that the stabilizers of the points of Rips(Γcan) are
finite subgroups of Γ. Consequently, the presheaf belongs to the subcategory of presheaves
supported on the orbits with finite stabilizers. Since, by definition, EFinΓ corresponds to the
final object in this subcategory there exists a morphism `(Rips(Γcan))→ EFinΓ. In order
to show that it is an equivalence it suffices to show that the spaces MapΓTop(Γ/H,Rips(X))
for all finite subgroups H of Γ are equivalent to ∗, i.e., that these spaces are connected
and that their homotopy groups are trivial.
We now study these homotopy groups. Since the spheres Sn are compact for all n in N
and the structure maps
MapΓTop(Γ/H, PU(Γcan))→ MapΓTop(Γ/H, PU ′(Γcan))
for U ⊆ U ′ are inclusions of CW-complexes, we have
pi∗(MapΓTop(Γ/H,Rips(Γcan))) ∼= colim
U∈CΓ
pi∗(MapΓTop(Γ/H, PU(Γcan))) .
We have a homeomorphism
MapΓTop(Γ/H, PU(Γcan))
∼= PU(Γcan)H .
We fix an integer n and consider a map
f : Sn → PU(Γcan)H .
The image f(Sn) is a compact subset of PU(Γcan)
H . In the case n = 0, since Γcan is
coarsely connected, we can increase the entourage U such that the image f(S0) belongs to
a connected component of PU(Γcan). Let now n be arbitrary. We can now assume that
f(Sn) belongs to a connected component of PU (Γcan). It is hence bounded in diameter by
some integer N . We conclude that under the map PU (Γcan)→ PUN (Γcan) the image f(Sn)
is mapped to a subset of a single simplex of PUN (Γcan). The intersection of the H-fixed
points with this simplex is a convex subset and hence itself contractible. We conclude that
f is homotopic to a constant map.
Definition 11.5. If X is a Γ-bornological coarse space and U an invariant entourage of X,
then we equip the Γ-simplicial complex PU (X) with the bornology generated by the subsets
PU(B) for all bounded subsets B of X. Equipped with this bornology and the coarse
structure induced by the metric we obtain a Γ-bornological coarse space which we denote
by PU (X)bd. We furthermore write PU (X)bdu for the corresponding Γ-uniform bornological
coarse space. Note in contrast that the notation PU (X)d (or PU (X)du, respectively) would
mean the Γ-bornological coarse space (or Γ-uniform bornological coarse space, respectively)
whose bornological and coarse (and uniform, respectively) structures are induced from the
metric, see Example 9.11. 
Let X be a Γ-bornological coarse space and U be an invariant entourage of X. The Dirac
measures provide a morphism of Γ-bornological coarse spaces
δ : XU → PU(X)bd . (11.1)
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Lemma 11.6. Assume:
1. Γ is torsion-free.
2. The underlying Γ-set of X is free.
Then the morphism (11.1) is an equivalence of Γ-bornological coarse spaces.
Proof. We first observe that Γ acts freely on PU(X). Indeed, for γ in Γ and µ in PU(X)
satisfying γµ = µ the subgroup of Γ generated by γ has a finite orbit contained in supp(µ).
Since Γ is torsion-free and X is a free Γ-set this can only happen if γ = 1.
To define an inverse morphism g : PU(X)bd → XU we first choose representatives for the
orbits PU(X)/Γ. Then we define g(µ) for every chosen representative µ to be a point in
supp(µ), and extend equivariantly. Then g ◦ δ = idXU and δ ◦ g is close to idPU (X).
The following corollary follows immediately from the above lemma.
Corollary 11.7. If Γ is a finitely generated torsion-free group, then Γcan,min → PU(Γ)bd
is an equivalence for every invariant generating entourage U of Γ.
Assume that Q is a Γ-bornological coarse space. Let X be a Γ-bornological coarse space
and U be an invariant entourage of X.
Lemma 11.8. If the underlying Γ-set of Q is free, then
δ × idQ : XU ⊗Q→ PU(X)bd ⊗Q
is an equivalence of Γ-bornological coarse spaces.
Note that we do not assume that X is a free Γ-set.
Proof. First we note that Γ acts freely on the set PU(X)×Q. We choose representatives
for the orbits (PU (X)×Q)/Γ. Then we choose for every representative (µ, q) ∈ PU (X)×Q
a point x ∈ supp(µ) and set g(µ, q) := (x, q). Then we extend this to an equivariant map
g : PU(X)×Q→ X ×Q. This map of sets is a morphism
g : PU(X)bd ⊗Q→ XU ⊗Q .
By construction g ◦ (δ × idQ) = idX×Q and g ◦ (δ × idQ) is close to the identity.
For the following recall the cone functor O from Section 9.4 and the “cone at infinity”
functor O∞ from Section 9.5.
Let X be a Γ-bornological coarse space.
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Definition 11.9. We define the following equivariant coarse motivic spectra:
F (X) := colim
U∈CΓ
Yos(O(PU(X)bdu)) ,
F∞(X) := colim
U∈CΓ
O∞(PU(X)bdu) ,
F 0(X) := colim
U∈CΓ
Yos(PU(X)bd) .

Using standard Kan-extension techniques one can refine the above description to functors
F, F∞, F 0 : ΓBornCoarse→ ΓSpX ,
see Remark 11.11 for details. The fiber sequence from Corollary 9.30 provides a natural
fiber sequence of functors
F 0(X)→ F (X)→ F∞(X) βX−→ ΣF 0(X) . (11.2)
Definition 11.10. We call βX the forget-control map. 
Remark 11.11. We let ΓBornCoarseC denote the category of pairs (X,U), where X is
a Γ-bornological coarse space and U is an invariant entourage of X containing the diagonal.
A morphism (X,U) → (X ′, U ′) is a morphism f : X → X ′ in ΓBornCoarse such that
(f × f)(U) ⊆ U ′. We have a forgetful functor
ΓBornCoarseC → ΓBornCoarse , (X,U) 7→ X . (11.3)
Let
E˜ : ΓBornCoarseC → C
be a functor to some cocomplete target C and let E be the left Kan extension of E˜ along
(11.3). The evaluation of E on a Γ-bornological coarse space X is then given as follows:
Lemma 11.12. We have an equivalence
E(X) ' colim
U∈CΓ(X)
E˜(X,U) .
Proof. By the pointwise formula for the left Kan extension we have an equivalence
E(X) ' colim
((X′,U ′),f : X′→X)∈ΓBornCoarseC/X
E˜(X ′, U ′) .
If ((X ′, U ′), f : X ′ → X) belongs to ΓBornCoarseC/X, then we have a morphism
(X ′, U ′)→ (X, f(U ′) ∪ diag(X))
in ΓBornCoarseC/X. This easily implies that the full subcategory of objects of the form
((X,U), idX) of ΓBornCoarse
C/X with U in CΓ(X) is cofinal in ΓBornCoarseC/X. 
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We have a functor
P : ΓBornCoarseC → ΓUBC , (X,U) 7→ PU(X)bdu .
We construct the fibre sequence (11.2) by applying the left Kan extension to the fibre
sequence of functors ΓBornCoarseC → ΓSpX
Yos ◦ FT ◦ P → Yos ◦ O ◦ P → O∞ ◦ P → ΣYos ◦ FT ◦ P
obtained by precomposing the sequence from Corollary 9.30 with P . 
Let X be a Γ-bornological space. In the following two corollaries we identify the Γ-coarse
motivic spectrum F 0(X).
Corollary 11.13. If Γ is torsion-free and the underlying Γ-set of X is free, then
F 0(X) ' Yos(X) .
Proof. We have equivalences
F 0(X) = colim
U∈CΓ
Yos(PU(X)bd)
Lemma 11.6' colim
U∈CΓ
Yos(XU)
Corollary 4.11.5' Yos(X) ,
which proves the claim.
Let Q and X be Γ-bornological coarse spaces.
Corollary 11.14. If the underlying Γ-set of Q is free, then
F 0(X)⊗ Yos(Q) ' Yos(X)⊗ Yos(Q) .
Proof. Here we use Lemma 11.8, that Yos is symmetric monoidal, and that the functor
−⊗ Yos(Q) : ΓSpX → ΓSpX
preserves colimits. Therefore we can write down an analogous sequence of equivalences as
in the above proof of Corollary 11.13.
11.2. Comparison of the assembly and the forget-control map
In this section we will compare the assembly map for the family of finite subgroups with
the forget-control map.
For every two Γ-bornological coarse spaces X and L we have the forget-control morphism
(Definition 11.10)
βX,L : colim
U∈CΓ
O∞(PU(X)bdu)⊗ Yos(L)→ colim
U∈CΓ
ΣYos(PU(X)bd ⊗ L) .
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We have furthermore the assembly map (see Definition 10.24)
αRips(X),L : O∞hlg(Rips(X))⊗ Yos(L)→ O∞hlg(∗)⊗ Yos(L) ' ΣYos(L)
induced by the morphism Rips(X)→ ∗ of Γ-topological spaces.
Recall [BE16, Def. 2.28] that a coarse space (X, C) is called coarsely connected if for any
two points x, y in X there exists an entourage U in C such that (x, y) ∈ U .
Definition 11.15. A Γ-bornological coarse space X is eventually coarsely connected if
there exists a coarse entourage U such that XU is coarsely connected.
Note that an eventually coarsely connected space is in particular coarsely connected. 
While one is interested in αRips(X),Γcan,min , using descent methods (like in [BEKW]) we
will only be able to derive split-injectivity of βX,Γmax,max in several cases. The following
theorem allows us to compare both maps. This comparison does not hold directly but
only after forcing continuity.
Let X be a Γ-bornological coarse space. Recall [BE16, Def. 6.100] that X has strongly
bounded geometry if it is equipped with the minimal compatible bornology and if for
every entourage U of X there exists a uniform finite upper bound on the cardinalities of
U -bounded subsets of X. Furthermore recall the functor Cs from (5.6).
Theorem 11.16. Assume:
1. X has strongly bounded geometry.
2. X is Γ-finite.
3. The action of Γ on X is proper (Example 2.13).
4. X is eventually coarsely connected.
Then the morphisms Cs(αRips(X),Γcan,min) and C
s(βX,Γmax,max) are equivalent.
Remark 11.17. Note that X being Γ-finite and the action of Γ on X being proper implies
that X has the minimal bornology.
Furthermore, if X is Γ-finite and U is a Γ-invariant entourage of X, then the assumption
that every U -bounded subset is finite, already implies a uniform upper bound on the
cardinality of U -bounded subsets. Hence Assumption 1 in Theorem 11.16 above could be
equivalently replaced by the seemingly weaker assumption that every U -bounded subset is
finite. 
The rest of this section is devoted to the proof of Theorem 11.16.
We consider a Γ-simplicial complex K. Recall the notation introduced in Example 9.11:
1. Ku denotes the Γ-uniform space associated to K.
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2. Ku,max,max denotes the Γ-uniform bornological coarse space which has the uniform
structure of Ku, but the maximal coarse and bornological structures.
3. Ku,d,max denotes the Γ-uniform bornological coarse space with the uniform structure
of Ku, the metric coarse structure and the maximal bornological structure.
4. Kd,max denotes the Γ-bornological coarse space underlying Ku,d,max.
We denote by
βmax,maxX,L : colim
U∈CΓ
O∞(PU(X)u,max,max)⊗ Yos(L)→ colim
U∈CΓ
ΣYos(PU(X)max,max ⊗ L)
and
βd,maxX,L : colim
U∈CΓ
O∞(PU(X)u,d,max)⊗ Yos(L)→ colim
U∈CΓ
ΣYos(PU(X)d,max ⊗ L)
the forget-control maps.
The proof of Theorem 11.16 consists of a sequence of lemmas.
Let X and L be Γ-bornological coarse spaces.
Lemma 11.18. Assume:
1. X has strongly bounded geometry.
2. X is Γ-finite.
3. The underlying set of L is a free Γ-set.
Then αRips(X),L and β
max,max
X,L are equivalent.
Proof. The assumptions on X imply that PU(X) is Γ-compact and locally finite, hence
Γ-metrizable, for every invariant coarse entourage U of X. Therefore, by (10.15), we have
an equivalence
O∞hlg(PU(X)) ' O∞(PU(X)u,max,max) .
Using Definition 11.2 of the Rips complex as a filtered colimit of Γ-topological spaces and
the relation (10.13) we get
O∞hlg(Rips(X)) ' colim
U∈CΓ
O∞hlg(PU(X))
' colim
U∈CΓ
O∞(PU(X)u,max,max) .
Hence we get the following commutative diagram:
colimU∈CΓ O∞(PU(X)u,max,max)⊗ Yos(L)
βmax,maxX,L
//
'

colimU∈CΓ ΣYo
s(PU(X)max,max ⊗ L)
'

O∞hlg(Rips(X))⊗ Yos(L)
αRips(X),L

O∞hlg(∗)⊗ Yos(L) ' // ΣYos(L)
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The vertical arrow on the right is an equivalence by Lemma 10.7.
Recall the functor Cs from (5.6). Let X be a Γ-bornological coarse space.
Lemma 11.19. Assume:
1. X has strongly bounded geometry.
2. X is eventually coarsely connected.
Then Cs(βmax,maxX,Γcan,min) and C
s(βd,maxX,Γcan,min) are equivalent.
Proof. The morphism PU(X)u,d,max → PU(X)u,max,max of Γ-uniform bornological coarse
spaces induces a diagram
Cs(O∞(PU(X)u,d,max)⊗ Yos(Γcan,min))
βd,maxX,Γcan,min
//

Cs(ΣYos(PU(X)d,max ⊗ Γcan,min))

Cs(O∞(PU(X)u,max,max)⊗ Yos(Γcan,min))
βmax,maxX,Γcan,min
// Cs(ΣYos(PU(X)max,max ⊗ Γcan,min))
Since PU(X)u,d,max → PU(X)u,max,max is a coarsening, the left vertical arrow is an equiva-
lence by Proposition 9.33. To show that the right vertical arrow is an equivalence for large
entourages U we will need continuity.
For an invariant entourage U of X we denote the set of finite subcomplexes of PU(X)
by F(PU(X)). It is a filtered partially ordered set with respect to the inclusion relation.
For every finite subcomplex F we define a Γ-invariant subcomplex DF := Γ(F × {1}) of
PU(X)× Γ. We consider the family of Γ-invariant subsets
D := (DF )F∈F(PU (X))
of PU (X)×Γ. By Example 5.11 the family D is a co-Γ-bounded exhaustion of both spaces
PU (X)max,max⊗Γcan,min and PU (X)d,max⊗Γcan,min. By continuity, it suffices to show that
the bornological coarse structures on D induced from PU(X)max,max ⊗ Γcan,min and from
PU(X)d,max ⊗ Γcan,min, respectively, agree.
Since the bornologies of PU (X)max,max⊗Γcan,min and PU (X)d,max⊗Γcan,min agree, we only
have to care about the coarse structures. Let U be large enough, such that PU(X) is
connected.
The coarse structure on DF induced by PU (X)d,max⊗Γcan,min is generated by the entourages
(DF ×DF ) ∩ (Ur × VB) ,
where Ur is a metric entourage of PU(X) of size r in (0,∞) and VB := Γ(B × B) for a
finite subset B is one of the generating entourages of the canonical structure of Γ.
The coarse structure on DF induced by PU(X)max,max ⊗ Γcan,min is generated by the
entourages
(DF ×DF ) ∩ ((PU(X)× PU(X))× VB)
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for finite subsets B of Γ. It is clear that the coarse structure of the latter is larger than
the one of the first, and it remains to show to other inclusion.
We have
(DF ×DF ) ∩ ((PU(X)× PU(X))× VB) ∼=
⋃
(γ,γ′)∈VB
(γF × γ′F )× {(γ, γ′)} .
Since F is a finite subcomplex and PU(X) is connected, there exists an r in (0,∞) such
that BF ×BF ⊆ Ur. This implies that
(γF × γ′F )× {(γ, γ′)} ⊆ Ur × VB
for all pairs (γ, γ′) in VB. We conclude that
(DF ×DF ) ∩ ((PU(X)× PU(X))× VB) ⊆ (DF ×DF ) ∩ (Ur × VB) .
This finishes the proof.
Let X be a Γ-bornological coarse space.
Lemma 11.20. Assume:
1. X is Γ-finite.
2. X has strongly bounded geometry.
3. the Γ-action on X is proper.
Then the maps Cs(βd,maxX,Γcan,min) and C
s(βX,Γcan,max) are equivalent.
Proof. Recall from Definition 11.5 that PU(X)bd denotes the Γ-bornological coarse space
whose coarse structure is induced from the metric and whose bornology is generated by
the subsets PU(B) for all bounded subsets B of X. Recall furthermore that we write
PU(X)bdu for the corresponding Γ-uniform bornological coarse space.
Recall from (5.7) that Yosc ' Cs ◦ Yos. It suffices to produce diagrams
Yosc([0, k]⊗ PU(X)bd ⊗ Γcan,max) //
'

Cs(O(PU(X)bdu)⊗ Yos(Γcan,max))
'

Yosc([0, k]⊗ PU(X)d,max ⊗ Γcan,min) // Cs(O(PU(X)u,d,max)⊗ Yos(Γcan,min))
for every natural number k which are compatible with increasing k and U .
To produce the diagram we will use continuity with the exhaustion Y = (Yκ)κ∈F(PU (X))N
from Lemma 5.12, where F(PU(X)) denotes the set of all finite subcomplexes of PU(X).
Recall that for κ in F(PU(X))N we set
Yκ :=
⋃
n∈N
[n− 1, n]×Dκ(n) . (11.4)
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Since PU(X)bd and PU(X)d,max are Γ-bounded the exhaustion is trapping by Lemma 5.12
for both spaces
O(PU(X)u,d,max)⊗ Yos(Γcan,min) and O(PU(X)bdu)⊗ Yos(Γcan,max) .
Note that the hybrid coarse structure does not play a role here since trapping exhaustions
are a bornological concept.
Since the definition of the exhaustion is independent of k and compatible with increasing
U , it remains for us to show that the bornological coarse structures on Yκ induced from
O(PU(X)bdu)⊗ Yos(Γcan,max) and O(PU(X)u,d,max)⊗ Yos(Γcan,min), respectively, agree in
order to obtain (by continuity) the equivalences in the above diagram. Since the coarse
structures of O(PU (X)bdu)⊗Yos(Γcan,max) and O(PU (X)u,d,max)⊗Yos(Γcan,min) agree, we
only have to consider the bornologies.
Every bounded subset of O(PU (X)u,d,max)⊗Yos(Γcan,min) or O(PU (X)bdu)⊗Yos(Γcan,max)
is contained in [0, n]× PU (X)× Γ for some n. It therefore suffices to see that the induced
bornologies on ([0, n]× PU (X)× Γ) ∩ Yκ coincide. We can now further finitely decompose
([0, n]× PU(X)× Γ) ∩ Yκ ⊆
n+1⋃
i=1
[i− 1, i]×Dκ(i) .
It suffices to show that the induced bornologies on [i− 1, i]×Dκ(i) coincide. For this we
have to show that for every F ∈ F(PU (X)) the bornologies on DF induced from PU (X)bd
and PU(X)d,max, respectively, agree.
Since X is Γ-finite and the Γ-action on X is proper, X carries the minimal bornology.
Consequently, every bounded subset of PU (X)bd is contained in a finite subcomplex. Hence,
the bornology on DF induced by PU(X)bd is generated by the sets DF ∩ (F ′ × Γ) for all
F ′ in F(PU(X)). This set is equal to( ⋃
γ∈Γ
γF × {γ}) ∩ (F ′ × Γ) = ⋃
{γ∈Γ | γF∩F ′ 6=∅}
(γF ∩ F ′)× {γ} .
Note that the index set of the union on the right hand side is finite since the Γ-action is
proper.
The bornology induced by PU(X)d,max is generated by the sets DF ∩ (PU(X)×B) for all
finite subsets B of Γ. This set can be written in the form⋃
γ∈B
γF × {γ} .
The families of subsets( ⋃
{γ∈Γ|γF∩F ′ 6=∅}
(γF ∩ F ′)× {γ}
)
F ′∈F(PU (X))
and
( ⋃
γ∈B
γF × {γ}
)
B⊆Γ,|B|<∞
generate the same bornologies. This finishes the proof of the lemma.
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Let X be a Γ-bornological coarse space.
Lemma 11.21. Assume:
1. X has strongly bounded geometry.
2. X is Γ-finite.
Then the morphisms Cs(βX,Γcan,max) and C
s(βX,Γmax,max) are equivalent.
Proof. The morphism of Γ-bornological coarse spaces Γcan,max → Γmax,max induces the
commutative diagram
Cs(O∞(PU(X)bdu)⊗ Yos(Γcan,max)) //

ΣYosc(PU(X)bd ⊗ Γcan,max)

Cs(O∞(PU(X)bdu)⊗ Yos(Γmax,max)) // ΣYosc(PU(X)bd ⊗ Γmax,max)
(11.5)
The functor O∞ from ΓUBC to SpX is homotopy invariant and excisive for equivariant
uniform decompositions. Since X is Γ-finite and has strongly bounded geometry, for every
invariant entourage U the complex PU(X) is a Γ-finite simplicial complex. Using excision
and homotopy invariance we conclude that the left vertical map in the above diagram is
an equivalence if
Cs(O∞(S)⊗ Yos(Γcan,max))→ Cs(O∞(S)⊗ Yos(Γmax,max))
is an equivalence for every Γ-uniform bornological coarse space S which is a transitive
Γ-set that has the minimal bornology and the discrete uniform structure. Note that in
this case
O∞(S) ' O∞(Sdisc,min,min) ' ΣYos(Smin,min) ,
since Sdisc,min,min → S is a coarsening and O(Sdisc,min,min) is flasque.
If we can show that for every Γ-bounded Γ-bornological coarse space X the map
Yosc(X ⊗ Γcan,max)→ Yosc(X ⊗ Γmax,max)
is an equivalence, then we can conclude that the right vertical map in (11.5) is an
equivalence, and by the above argument the left vertical map is an equivalence, too. The
lemma then follows by taking the colimit over all invariant entourages U of X.
By continuity, it suffices to show that if F is a locally finite, invariant subset of X ×Γ?,max
(the coarse structure on Γ does not matter since local finiteness is a bornological concept),
then the bornological coarse structures on F induced by X × Γcan,max and X × Γmax,max,
respectively, agree. Since the bornologies are the same, we only have to care about the
coarse structures.
Every entourage of FΓcan,max is an entourage of FΓmax,max . So it remains to show the other
inclusion. We choose a bounded subset A of X such that ΓA = X. Let U be an invariant
entourage of X containing the diagonal. Then U [A] is bounded. Furthermore, we have
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U ⊆ Γ(A × U [A]). The set W ′ := F ∩ (U [A] × Γ) is finite since F is locally finite and
U [A]× Γ is bounded. We let W denote the projection of W ′ to Γ. Then we have
(U × Γ× Γ) ∩ (F × F ) ⊆ (U × Γ(W ×W )) ∩ (F × F ) .
Now note that Γ(W ×W ) is an entourage of Γcan,max. This shows that every entourage of
FΓmax,max is an entourage of FΓcan,max .
Theorem 11.16 follows from combining Lemma 11.18 (with L = Γcan,min), Lemma 11.19,
Lemma 11.20 and Lemma 11.21.
11.3. Homological properties of pull-backs by the cone
Recall Definition 11.9 of the three functors F , F 0, and F∞. In this section we analyze
the homological properties of the functor F∞. It turns out that this functor is almost a
coarse homology theory. The only problematic axiom is vanishing on flasques. In order to
improve on this point recall the definition of ΓSpXwfl from Definition 4.20 and consider
the composition
F∞wfl : ΓBornCoarse
F∞−−→ ΓSpX → ΓSpXwfl .
In a similar manner, we derive functors F 0wfl and Fwfl from F
0 and F , respectively. For
every Γ-bornological coarse space X we have a fiber sequence in ΓSpXwfl
F 0wfl(X)→ Fwfl(X)→ F∞wfl(X)
βX,wfl−−−→ ΣF 0wfl(X) . (11.6)
The morphism βX,wfl is a version of the forget-control morphism from Definition 11.10.
Proposition 11.22. The functor F∞wfl is an equivariant ΓSpXwfl-valued coarse homology
theory.
Proof. We verify the axioms.
1. (Coarse invariance) We consider a Γ-bornological coarse space X. For i in {0, 1} let
ιi : X → {0, 1}max,max ⊗X
denote the corresponding inclusions. It suffices to show that F∞wfl(ι0) and F
∞
wfl(ι1) are
equivalent. For every invariant entourage U of X we consider the invariant entourage
U˜ := {0, 1}2 × U of {0, 1}max,max ⊗X. Then the map
[0, 1]du ⊗ PU(X)bdu → PU˜({0, 1}max,max ⊗X)bdu
given by
(t, µ) 7→ (1− t)ι0,∗µ+ tι1,∗µ
is a homotopy between the morphisms of Γ-uniform bornological coarse spaces
PU(X)bdu → PU˜({0, 1}max,max ⊗X)bdu
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induced by ι0 and ι1.
By the homotopy invariance of the functor O∞ (Corollary 9.38) we conclude that
the morphisms
O∞(PU(X)bdu)→ O∞(PU˜({0, 1}max,max ⊗X)bdu)
induced by ι0 and ι1 are equivalent. Since the entourages of the form U˜ for all U in
CΓ are cofinal in the entourages of {0, 1} ⊗X, we get the equivalence of F∞wfl(ι0) and
F∞wfl(ι1) as desired.
2. (Excision) Let X be a Γ-bornological coarse space and Z an invariant subset. For an
invariant entourage U of X the subset PU(Z) of PU(X)bdu is invariant and closed.
Let (Y , Z) be an equivariant complementary pair on X with Y = (Yi)i∈I . Let i0 in I
be such that Yi0 ∪ Z = X. Let i1 in I be such that U [Yi0 ] ⊆ Yi1 . Then for every i
in I with i ≥ max{i0, i1} we have PU(Yi) ∪ PU(Z) = PU(X). The pair of invariant
subsets (PU(Yi), PU(Z)) is then an equivariant uniform decomposition of PU(X)bdu.
By Corollary 9.36 and Remark 9.37 the functor O∞ sends equivariant uniform
decompositions to push-outs. We conclude that for i in I with i ≥ max{i0, i1} we
have a push-out
O∞(PU(Z ∩ Yi)bdu) //

O∞(PU(Yi)bdu)

O∞(PU(Z)bdu) // O∞(PU(X)bdu)
Since colimits of push-out squares are push-out squares, we now take the colimits
over the invariant entourages U in CΓ and over i in I to get the push-out square
F∞(Z ∩ Y) //

F∞(Y)

F∞(Z) // F∞(X)
We get the desired push-out
F∞wfl(Z ∩ Y) //

F∞wfl(Y)

F∞wfl(Z) // F
∞
wfl(X)
3. (Flasqueness) We assume that X is flasque with the flasqueness implemented by the
equivariant map f : X → X. For an invariant entourage U of X with the property
(id, f)(diagX) ⊆ U we form the entourage of X
U˜ :=
⋃
n∈N
(fn × fn)(U) .
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Note that (f × f)(U˜) ⊆ U˜ . Therefore we have a morphism
PU˜(f) : PU˜(X)bdu → PU˜(X)bdu .
Like every simplicial map it is distance decreasing. Moreover, for every µ ∈ PU˜(X)
we have
d(µ, PU˜(f)(µ)) ≤ 2 .
Finally, if B is a bounded subset of X and n is an integer such that U˜ [B]∩fn(X) = ∅,
then
PU˜(f
n)(PU˜(X)) ∩ PU˜(B) = ∅ .
We conclude that PU˜(f) implements flasqueness of the bornological coarse space
PU˜(X)bd. The set of invariant entourages of the form U˜ as above is cofinal in all
invariant entourages of X. Therefore, we get F 0(X) ' 0 and hence F 0wfl(X) ' 0 by
taking the colimit over these entourages.
We now claim that O(PU˜(f)) implements weak flasqueness of O(PU˜(X)bdu). In the
following we verify the conditions stated in Definition 4.18.
Since f is U -close to idX , as in 1 we can conclude that the map PU˜ (f)bdu is uniformly
homotopic to idP
U˜
(X)bdu . By the homotopy invariance of O we conclude that
Yos(O(PU˜(f))) ' idYos(O(PU˜ (f)bdu))
as required in Definition 4.18.1.
In order to save notation we define the map
Q : P([0,∞)× PU˜(X)× [0,∞)× PU˜(X))→ P([0,∞)× PU˜(X)× [0,∞)× PU˜(X))
by
Q(V ) :=
⋃
n∈N
(
([0,∞)× PU˜(f))n × ([0,∞)× PU˜(f))n
)
(V ) .
Let now V be an entourage of O(PU˜(X)bdu). We must show that Q(V ) is again an
entourage of O(PU˜(X)bdu). After enlarging V we can assume that it is of the form
V = Uψ ∩Wr as in the proof of Lemma 9.27, where the function φ (which is the first
component of ψ) is such that φ(i) is a uniform entourage of the form Ur(i) for every
i in N, see (9.1). Since PU˜ (f) is distance decreasing we see that Q(Wr) ⊆ Wr. Since
PU˜(f) preserves the first coordinate of the cone and is distance decreasing we also
see that Q(Uψ) ⊆ Uψ. Hence we actually get Q(V ) ⊆ V .
Finally, for every bounded subset A of O(PU˜(X)bdu) there exists r in (0,∞) and a
bounded subset B of X such that A ⊆ [0, r]× PU˜(B). We can choose an integer n
such that fn(X) ∩B = ∅. Then O(PU˜(f))n(O(PU˜(X)bdu)) ∩ A = ∅.
We conclude that
Yoswfl(O(PU˜(X)bdu)) ' 0 .
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Taking the colimit over the invariant entourages entourages U and again using the
cofinality of the resulting family of entourages U˜ we get Fwfl(X) ' 0.
From the fiber sequence (11.6) we now conclude that
F∞wfl(X) ' 0 .
4. (u-continuity) This is just a cofinality check:
colim
U∈CΓ
F∞wfl(XU) ' colim
U∈CΓ
colim
V ∈C〈U〉Γ
O∞wfl(PV (X)bdu) ' colim
V ∈CΓ
O∞wfl(PV (X)bdu) ' F∞wfl(X) .
This finishes the proof of Proposition 11.22.
Remark 11.23. Let X be flasque. In the above proof we have shown that Fwfl(X) ' 0.
Note that we do not expect that F (X) ' 0. 
Let E be a strong Γ-equivariant C-valued coarse homology theory. Then we have an
essentially unique factorization Ewfl : ΓSpXwfl → C. The composition
Ewfl ◦ F∞wfl : ΓBornCoarse→ C
is then a Γ-equivariant C-valued coarse homology theory. We have an equivalence
E ◦ F∞ ' Ewfl ◦ F∞wfl .
Corollary 11.24. If E is a strong equivariant C-valued coarse homology theory, then
E ◦ F∞ : ΓBornCoarse→ C
is a Γ-equivariant coarse homology theory.
Let E be an equivariant coarse homology theory and Q be a Γ-bornological coarse space.
Lemma 11.25. If E is strong, then EQ is also strong.
Proof. If X is a weakly flasque Γ-bornological coarse space with weak flasqueness imple-
mented by f : X → X, then f ⊗ idQ implements weak flasqueness of X ⊗Q. This implies
the lemma.
If the underlying Γ-set of Q is free, then by Corollary 11.14 we have
EQ(F
0(X)) ' E(F 0(X)⊗ Yos(Q)) ' E(X ⊗Q) ' EQ(X) .
In particular, the functor
EQ ◦ F 0 : ΓBornCoarse→ C
is an equivariant coarse homology theory.
Let Q be a Γ-bornological coarse space and E be an equivariant coarse homology theory.
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Corollary 11.26. If E is strong and the underlying Γ-set of Q is free, then the forget-
control map
β : EQ ◦ F∞ → ΣEQ ◦ F 0
is a transformation between equivariant coarse homology theories.
This aspect of the theory (in the case of a trivial group Γ) is further studied in [BE17].
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